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ANNOUNCEMENT

The Optical Society of America announces the addition to its
JOUurNAL of a section on “Scientific Instruments’ beginning with
the March, 1922 number. The Journal will henceforth be known
as the JOURNAL OF THE OPTICAL SOCIETY OF AMERICA AND RE-
VIEW OF SCIENTIFIC INSTRUMENTS.

For several years the question of establishing an Instrument
Journal in this country has been agitated. Practically no source
of publicity has existed for the presentation of articles describing
new laboratory and scientific instruments. There has been no
question as to the need for and desirability of such a journal;
the problem has been as to the means whereby it might be estab-
lished.

Some time past the National Research Council suggested that
the JOURNAL oF THE OPTICAL SOCIETY might enlarge its field to
include papers on instrument design of all kinds, as well as
optical. After careful consideration on the part of the Council of
the Society it was decided that such an arrangement was in the
best interest of the readers of the JOURNAL. .

By cooperation with the Association of Scientific Apparatus
Makers of the United States of America, especially through the
efforts of its president, Mr. M. E. Leeds, by cooperation with the
National Research Council, and through the agency of certain
generous patrons, the Optical Society has been able to launch the

1
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combined “JoURNAL oF THE OPTICAL SOCIETY OF AMERICA AND
REVIEW OF SCIENTIFIC INSTRUMENTS” on a strong financial basis.

The March and succeeding issues of the new JOURNAL will
devote approximately 3% of the reading matter to material
on instruments other than optical. Beginning May 1922 the
JourNAL will be issued monthly instead of bi-monthly, so that
the total for each year will contain as much material in pure
optics as formerly and in addition some 400 or 500 pages on
design of instruments of every description. The rate of subscrip-
tion probably will be increased sometime during the current year,
but for the immediate present the same rate will be maintained as
formerly.

The success of-any journal is largely determined by the length
of the subscription list. While the JouRNAL oF THE OPTICAL
SociETY has been very fortunate in this respect, its circulation
having doubled twice in the past two years, it nevertheless, from
the specialized nature of the material presented, must have a
direct appeal to a comparatively limited number of readers.

The new JoURNAL should interest a very large group of readers.
It is believed that this enterprise will meet with the approval
and cooperation of all engaged in scientific work from the manu-
facture of apparatus to fundamental research. The permanent
success of the venture rests with the readers and contributors.
Let each reader and member of the Society cooperate to make
this JoURNAL one of high scientific merit and large circulation.
Let us place 2500 subscriptions as a conservative goal for 1923.



BRILLIANCE AND CHROMA
IN RELATION TO ZONE THEORIES OF VISION*

BY
LeoNArRD THOMPSON TROLAND

I. INTRODUCTION

Ophthalmologists draw a clear line of demarcation between
three functions of vision which they call the light sense, the form
sense, and the color sense respectively. They find that in visual
derangements these three functions may be disturbed more or
less independently. However, theorists in the field of physiological
optics have not been able to agree that these three functions rest
upon separate mechanisms. From some points of view and by
certain tests they appear to be distinct, but from other angles
they appear to be simply different aspects of an integral process.
It is my purpose in the present paper to discuss certain problems
relating to the separateness of the mechanisms underlying two
of these functions, v7z., those of the light sense and the color sense.
I shall review and attempt to synthesize certain data previously
established by others, but in addition shall present new data of
my own bearing upon the problem.

It will be necessary in the beginning to define clearly certain
of the terms to be used in the ensuing discussion. A great deal of
confusion exists in arguments over visual problems as a result of
the absence of a definitely established nomenclature. In the major-
ity of discussions in this field there is a failure to distinguish
clearly between psychological, or subjective conceptions, and
physical conceptions which relate only to the stimulus. The
Colorimetry Committee of the Optical Society in its forthcoming
report! has worked out what it deems to be a consistent terminol-
ogy, and I shall make an endeavor to employ this in the present
paper. You have been accustomed to hear the two aspects of visual
experience, which I am to consider, described by the terms

* Paper presented to the Rochester Section of the Optical Society of America,

October 10, 1921. C
1 Ta appear in a later number of this JournaL,

3
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“brightness” and “color.” However, the word ‘“‘brightness” has a
distinct meaning in photometry which should not be confused
with that dimension of visual sensation which is defined by the
terminal qualities black and white. The preferred term for this
dimension, or attribute, of visual sensation is the word ‘bril-
liance.” A careful consideration of all of the circumstances bear-
ing upon the problem, moreover, seems to make it advisable to
employ the word “color” to designate any visual sensation what-
soever, including the neutral, or achromatic, qualities as well as the
chromatic ones. In order to distinguish the latter from the former,
therefore, we must employ a different word, for which the term
‘“‘chroma’ appears to be appropriate. I may therefore define my
problem succinctly as that of the interrelation between the physio-
logical mechanisms underlying brilliance and chroma vision.

II. Facts INDICATING THE INDEPENDENCE OF BRILLIANCE
AND CHROMA

There is a considerable array of facts which strongly suggest
that these mechanisms are distinct from one another. The first
consideration which comes to mind is naturally that of the evolu-
tion of color vision. Experiments in the field of comparative
physiology, such as those carried out by the indefatigable Carl
von Hess,? indicate clearly that the invertebrates are totally
lacking in chroma vision. Their reactions to radiation are wholly
in terms of diffcrent degrees in a single dimension which we may
suppose to be that of brilliance or apparent brightness. Their
vision is achromatic. The consensus of evidence also is that the
lower vertebrates, such as fish, are incapable of chromatic dis-
crimination, their differentiated responses to various colors being
based wholly upon differences in the brightness effects of the
latter.? Many birds and mammals, however, seem to possess the
power of true chromatic differentiation between stimuli. The
visual capacities of the higher primates are apparently practically

2 See, for example, Hess C. v. Beitriige zur Kenntnis des Lichtsinnes bei Wir-
bellosen. Arch. f. d. ges. Physiol., 177, 57-109; 1920,

3 See, for example, Schnurmann, F. Untersuchungen an Elritzen tiber Farben-
wechsel und Lichtsinn der Fische. Zeilsch. f. Biol., 71, 69-98; 1920.
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the same as those of man. It appears probable, therefore, that
brilliance vision appeared in the course of evolution long before
chromatic vision, the latter being superposed upon the former by
a process of accretion or of differentiation.

Facts of visual pathology and anomaly also suggest strongly
that brilliance vision is more fundamental than chromatic vision.
Disease or injury of the nervous mechanisms connected with
vision more readily disturbs chromatic discrimination than it
does discrimination in terms of brilliance. Congenital partial or
total “color blindness’” involves a loss or impairment of the
capacity for differentiation of chromas without necessarily bring-
ing with it a similar disorder of brilliance judgment. The different
types of chromatic blindness can, in fact, be arranged in an evolu-
tionary series ranging from anomalous trichromatism through
deuteranopia, or green blindness, and protanopia, or red blind-
ness, to the complete absence of chromatic response which is
commonly known as ‘“total color blindness.”* In these various
forms of chromatic blindness it would appear that successively
laid down strata of visual mechanism have been destroyed by
accidents to the germ plasm, these accidents representing various
degrees of atavism. The reésulting visual types may be taken to
represent actual stages in the evolution of human vision.

However, we do not have to look to pathological or rare cases
for evidence that chromatic vision is something superposed upon
a more fundamental brilliance vision. In the distribution of the
capacity for chromatic discrimination between the center and the
periphery of the visual field we seem to discover a replica of the
evolutionary process. In the extreme periphery of the visual field
chromatic vision appears to be practically in abeyance, all objects,
except under conditions of very high illumination, being perceived
as neutral in color.® As the stimulus is moved from the periphery
towards the center, chromatic discrimination in terms of blueness

‘20‘4 See Hess, C. v. Die Rotgriinblindheiten. Arch. f. d. ges. Physiol., 185, 147-164,
1920. '

" "8'Ferree and Rand find that red, yellow and blue, but not green, can be perceived
as chromatic at the extreme periphery with a sufficient intensity of light. See Ferree,

C. E. and Rand, G. The Absolute Limit of Color Sensitivity and the Effect of Inten-
sity of Light on the Apparent Limit. Psychol. Rev., 27, 1-23, 1920.
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or yellowness first becomes possible, this being succeeded at a more
central position by an added power of discrimination in terms of
redness and greenness. In the center of the field for the normal
individual we find complete color vision. It is a very significant
fact that in spite of these wide differences which exist between the
chromatic perception of various portions of the retina, under con-
ditions of daylight adaptation, the visibility curves representing
the brilliance responses of these various portions are practically
identical .

Another very impressive group of facts which indicate the
separability of the mechanisms underlying brilliance and chroma
is to be found in a considerable number of laws of visual response
.in which the effects produced by lights of different color are sub-
stantially independent of the chromatic aspect and rest almost
wholly upon the brilliance factor. One of the most familiar of
these laws is to be found in the logarithmic function which con-
nects visual acuity with luminosity. This function, which repre-
sents the threshold of the form sense, is seemingly determined, to
the first order at least, by the brilliance value of any stimulus
indépendently of its hue or saturation effects.” There are, of
course, second order dependencies upon wave-length, as has been
demonstrated by Luckiesh,® but these latter dependencies are

¢ See Parsons, J. H. An Introduction to the Study of Color Vision, p. 71, 1915.

7 The proposition that the acuity index depends upon the brightness value of a
stimulus, independently of its color, was clearly enunciated by Helmholtz in several
places, and had been assumed by previous workers such as Macé de Lapinay and Nicati
who employed equality of acuity as a criterion of equality of brightness. Repeated
attempts have been made to employ an acuity test as a basis for heterochromatic
photometry. Konig regarded his very systematic work on this subject as clearly sub-
stantiating Helmholtz’s original conjecture. See Konig, A. Die Abhangigkeit der
Sehscharfe von der Beleutungsintensitit, Gesammelte Abhandlungen zur Physiologi-
schen Optik. 1903, p. 391. However, the problem is much complicated by uncertainty
in the conditions or method of observation; the proportions of rod and cone vision-
involved; the exact visibility curves of the observers, and the exact importance of the
purely physical chromatic aberration effects within the eye. Dr. Ferree finds a very
considerable dependence of acuity upon chroma even when rod vision is excluded.
Whether his results, in common with those of Luckiesh, can be explained in terms of
the refractive propemes of the eye or whether they will require a retinal basis is at
present unc

3 Luckiesh, M Color and Its Applications, pp. 130-137, 1915.
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directly traceable to the chromatic aberration of the eye which
forms a sharper image upon the retina for the mid wave-lengths of
the spectrum than for the extreme wave-lengths. Given equally
sharp retinal pictures, it would seem that the resolving power of
the optical mechanism is determined wholly by the brilliance
response without reference to chroma. '

Another well known law of this character is that which links
critical flicker frequency with the brightness of the stimulus.
T. C. Porter found that this frequency, the rate of alternation of a
color with black which is required just to eliminate flicker, is
strictly proportional to the logarithm of the brightness through-
out a range of from 1 to 12800 units of intensity and that the pro-
portionality factor is strictly independent of wave-length.® Here
again, as shown later by Ives,!? there are secondary dependencies
upon chroma, but these seem to rest upon the fact that there are
two kinds of flicker, one a brilliance flicker and the other a chro-
matic flicker, which are not quite separable at low intensities and
rates of alternation. Moreover, the situation is complicated by
the different degrees of participation of rod and cone vision in the
. process as aroused by stimuli of different wave-lengths at low
brightnesses, the brilliance response of the rods being much more
sluggish than that of the cones. The substantial independence of
critical flicker frequency upon chroma is, of course, the basis of
the critical frequency method of heterochromatic photometry.

Another function of brilliance which shows very little con-
comitant dependence upon chroma is the time required for the
brilliance sensation to reach its maximum after the first applica-
tion of the stimulus. McDougall’s investigation" indicated that
this so-called action time was quite independent of chroma.
The much discussed experiments of Broca and Sulzer,!* however,

! Parsons, J. H., op. cit., p. 96.

10 Ives, H. E. Studies in the Photometry of Lights of Different Colors. II. Spectral
Luminosity Curves by the Method of Critical Flicker Frequency. Phil. Mag.,
24, p. 357-362, 1912,

11 McDougall, W. The Variation of the Intensity of Visual Sensation with the
Duration of the Stimulus. British Jour. of Psychol., 1, p. 189, 1904

12 See Nutting, P. G. The Luminous Equivalent of Radiation. Bull. of the Bur.
of Stands., 5, p. 293; 1908, .
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showed a considerable difference in the rates of rise of sensation
due to stimuli of different wave-length compositions. The recent
very elaborate measurements of Bills®® also show an appreciable
difference between colors of the same brilliance but differing hue.
However, neither of these investigations, apparently, were made
under conditions which insure equal degrees of participation of
rod and cone vision for all of the stimuli employed, and the close
affiliation which exists between rates of rise and fall, for various
stimuli, and flicker frequency, suggests that causes of error in the
investigations in question may exist.

A further very important visual function which rests exclusively
upon the luminosity of the stimulus is the brightness discrimina-
tion threshold. The elaborate measurements made by Kénigh
with a wide range of spectral stimuli demonstrate that for cone
vision Weber’s constant, and Fechner’s law, which is derived from
it, are practically independent of chroma. Itisprobable also that
the brilliance contrast effects between color fields of differing
brilliance are independent of concomitant chroma or chroma
differences. I gather this from qualitative observations of my
own, although I have not been able to find any published accurate
data on the subject. The investigations of Ives!® and others have
made it clear that the separate brightnesses of different colors
which are mixed additively summate arithmetically without
reference to their differences in chroma.

All of the above discussed facts, which indicate that brilliance
can act as an independent variable determining other visual
functions almost without reference to the accompanying chroma,
may perhaps be regarded as somewhat lacking in significance
beeause, to a certain extent at least, they may be considered as
definitory of the nature of brilliance. It has been suggested,
for example, that brilliance be defined in terms of equal flicker
frequencies or in terms of equal acuity results. I do not regard

1 Bills, M. A. The Lag of Visual Sensation and Its Relation to Wave-Length and
Intensity of Light. Psychological Review Monographs, 28, No. S.

1 See Nutting, P. G. loc. cil., p. 286.

B.]Jves, H. E. Studies in the Photometry of Lights of Different Colots. IV. The
Addition of Luminosity to Different Colors. Phil. Mag. 24, pp. 845-853, 1912, .




Jan., 1922] ZoNE THEORIES OF COLOR 9

this objection as actually capable of substantiation, but, on the
other hand, it is significant that most of the laws which we have
above considered involve processes of discrimination as essential
factors. These discrimination processes undoubtedly depend upon
cortical mechanisms which are especially adapted to deal exclu-
sively with brilliance or its underlying physiological correlate, and
hence the lack of dependence which the resulting reactions show
with respect to chroma might be considered as indicative merely
of a highly efficient selective response of these discriminative
activities. However, there are other facts to which we can yet
appeal which are not subject even to this last objection. -

It is a common' conviction among students of physiological
optics that negative after-image phenomena depend upon retinal
rather than upon central changes. These phenomena are usually
explained in terms of general or differential retinal fatigue, that is,
as results of reduction in the sensitivity of the retinal mechanism
to stimuli, this sensitivity being supposedly represented by the
concentration of some chemical substance. Negative after-image
effects may be divided into brilliance and chromatic aspects. I
have personally made a very large number of observations and
measurements upon the brilliance aspects of negative after-images
produced by spectral or other highly chromatic stimuli. Except
under special conditions which I shall discuss in more detail later
on I have found these effects to be practically independent of
chroma. For example, the duration of negative after images
produced by spectral colors and projected upon a reacting field or
background of the same spectral color as produced the image are
practically the same for all wave-lengths of the stimulus.*® It is
true that there is a slightly less duration for stimuli lying at the
ends of the spectrum than for those lying in the middle, and also
that the red after-image has a somewhat longer life than the
violet one. However, it seems probable that these secondary
differences are due to differences in the sharpness of the primary
stimulus images which produce the after-effects, such sharpness

. Troland L. T. Apparent Bnght.ness, Its Conditions and Propems. Trans.
of the Illum. Eng. Soc: 5, p. 954; 1916. . Lo
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discrepancies being referable to the chromatic aberration of the
eye, which influences the distinctness of the retinal picture in the
several cases. I have made careful measurements of the time
required for brilliance fatigue, or minuthesis, as I have proposed
to call it, to reach an equilibrium condition for different spectral
stimuli, and find that for colors of equal brilliance this time is
practically independent of chroma. Similar statements apply to
the degree of reduction of the sensitivity of the visual system
which is brought about by this minuthetic process in any specified
time or at equilibrium with stimuli of equal brightness. The gen-
eral laws of brilliance minuthesis, in other words, are substantially
independent of chroma. I shall return to a consideration of such
further special laws later on.

III. THE ProBLEM IN THE LIGHT oF CLASSICAL THEORIES

Having reviewed the above facts bearing upon our problem,
let us now turn to a discussion of the most important theoretical
treatments dealing with the interrelation of brilliance and chroma
vision. The two salient theories of vision, those of Hering and of
Young and Helmholtz,!'” involve radically distinct conceptions
of the relation holding between brilliance and chroma. Hering,
in the original formulation of his theory, regarded brilliance as
identical with whiteness and, therefore, as proportional to the
degree of excitation of the white process, in his theory, or of lack
of excitation of the black process. Later on, however, he intro-
duced the conception of the specific brightness of colors according
‘to which the red and yellow processes of his theory possess a
brilliance-producing power while the green and blue processes
have a negative capacity in this respect, or are “specifically
dark.” The total brilliance effect according to Hering’s view,
therefore, represents the algebraic sum of contributions made by
all six processes, the white, red, and yellow adding to, while the
black, blue, and green subtract from the total. Even in accord-
ance with this specific brightness theory, however, the preponder-
ant contribution appears to be made by the black-white process,

17 For uposmons of these two theories see Parsons, J. H., op. cif., Part Iil.
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so that Hering’s hypothesis seems consistent with the existence of
a very considerable independence of brilliance function with
respect to chroma. A residual dependence, however, should be
expected, and this should be of the order of magnitude of the
difference between cone and rod vision luminosity distribution
-over the spectrum, or between the photopic and scotopic visibility
curves. It was in order to explain these differences that Hering
originally introduced the specific brightness theory.

The Young-Helmholtz theory, being characterized in general
by a less subtle psychological analysis, than that which governed
Hering’s conjectures, makes assumptions concerning the interre-
lations of the brightness and chroma mechanisms which are far
simpler and more naive. Helmholtz himself and also his followers,
Kénig and Dieterici, paid relatively little attention to the relations
of photometric measures to color-mixture data. The latter two
investigators, for example, although their determinations of the
three color sensation curves are probably the most thorough on
record, provide us with no measures whatsoever of the relative
photometric values of the unit in which their sensation curves are
expressed. This criticism, however, does not apply to Abney,!®
whose recent death robs us of one of the most painstaking investi-
gators of visual phenomena in the light of the Helmholtz Theory.
This theory, as is well known, makes the chromatic aspects of
‘color vision depend upon the proportions of excitation of three
elementary mechanisms. It is very natural to hold that the
brilliance accompanying any complex or simple excitation is
simply the sum of the excitation values of the components which
are involved.

The treatment of brilliance or luminosity value as the sum of
the color excitation values is not only a theoretically obvious
hypothesis, but is a straightforward development of the data
involved in the case; although in spite of -this fact these data
cannot be regarded as proving the physiological identity of the
brilliance and chroma mechanisms. When a spectrum having a
characteristic luminosity distribution,—for example one possessing

18 See Abney, W. de W. Researches in Color Vision and the Trichromatic Theory,
1913. : . ’ k T .
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equal energy values, for all wave-lengths, in which case the
luminosity distribution would be proportional to the visibility
curve,—is matched by varying mixtures of three elementary
stimuli it is of course a necessary consequence of the additive
property of luminosities that the sum of the luminosity distribu-
tions of the three elementaries should yield the original luminosity
distribution of the spectrum which was matched. However, this
same result should be expected if the luminosity values of the
elementaries do not represent integral aspects of the color excita-
tion processes, but simply more or less accidental associates of
these excitation values the magnitudes of which are determined by
the exact point in the spectrum from which the three elementary
stimuli are picked. The brilliance process necessarily has a charac-
teristic distribution over the spectrum, represented approximately
at least by the visibility curve. Similarly, the three chromatic
processes also have their own characteristic distributions, and a
stimulus taken at any point in the spectrum will naturally pick
up the chromatic and the brilliance activities in a fixed ratio, and
this ratio will enter as a constant in all subsequent color-mixture
operations. These experimental facts, therefore, provide us with
no basis for distinguishing between the inherent brilliance assump-
tion and the idea that brilliance depends upon a mechanism
distinct from that governing chroma.

It does seem to me, however, that the relative magnitudes of
the three coefficients which are empirically found to represeat
the above mentioned proportionality between the brilliance and
chromatic powers of any stimulus, do have some bearing upon the
probability of the inherent brilliance assumption. When the
elementaries to be mixed are red, green and blue, practically all
of the luminosity of the spectrum appears to depend upon the red
and green, the blue contributing only about one per cent. of the
total. Depending upon the exact elementaries which are selected,
either the red or the green may greatly preponderate over the other.
Such large discrepancies between the chromatic and the brilliance
powers of the elementaries would suggest that the underlying
mechanisms of the two functions are actually distinct, these
coefficients representing an arbitrary association of the two.
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Another consideration which points in the direction of an
independence between the brilliance and chromatic mechanisms
is to be found in the very perfect symmetry of the retinal visi-
bility curve.!® This latter curve is obtained by correcting the
ordinary normal visibility curve for the selective absorption of
the ocular media, and should be regarded as representing the
spectral sensitivity of the brilliance process by itself. It is improb-
able that independent spectral distributions having maxima in
different portions of the spectrum, such as those of the three
fundamental chromatic excitations, should be capable of sum-
mating to yield the very perfect, symmetrical curve which
represents the retinal visibility function. It is true that the
empirically obtained chromatic excitation curves do actually
summate in this manner, but it seems probable that their exact
form is dictated by the relations between a'symmetrical bril-
liance function and chromatic response curves which in their
true physiological forms do not actually summate to yield a sym-
metrical curve.

IV. STUDIES ON THE ‘‘ABNEY EFFECT”

Although a direct analysis of the color-mixture system does
not permit us to differentiate between the two hypotheses which
we have under consideration, it is far from being impossible to
find a means of testing between them. It would seem likely,
a priori, that there must be some way by which the casual
association of a chromatic and a brilliance process, such as that
which a theory of the Hering type supposes to exist for a stimulus
of any given wave-length, could be broken down. A method of
actually dissolving this association presents itself in experiments
of brilliance fatigue with lights of different color. Exposure of
the retina to continued stimulation by radiation of any wave-
length composition brings about a radical reduction in both the
chromatic and the brilliance responses of the eye. In the course
of the exposure the apparent brightness of the color is reduced by
an asymptotic process to a level which is lower the higher the

1 See Troland, L. T. Joc. cit., p. 955-957.
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intensity of the stimulus and which at moderately low intensities
may amount to the elimination of ninety per cent. of the original
value. At the same time the color, if it be chromatic, changes in
saturation and usually also in hue. A careful study of the laws
governing these simultaneous brilliance and chromatic fatigue
processes, or as I have proposed to call them, minutheses, ought
to throw a clear light upon the question as to the fundamental
dependence or independence of the two.

I am not acquainted with any exact data bearing on the ques-
tion as to the identity of the laws of minuthesis for brilliance and
chroma. Qualitative observations of my own indicate that the
two processes do not occur at the same rate or exhibit the same
constants. I hope in the near future to make some careful quan-
titative measurements on the simultaneous courses of these two
processes. It ought to be particularly instructive to carry the
minuthesis to its asymptotic limit both for the brilliance and
chromatic aspects of the sensation, and then to observe the course
of recovery of these two attributes. Qualitative observations indi-
cate that they do not recover at the same rate.

One very obvious method, resting upon the facts of minuthesis,
of attacking our problem is as follows. Suppose that we fatigue
the retina by a spectral red of given intensity and that we measure
the diminution in apparent brightness brought about by this
minuthetic process. Let us then throw upon this fatigued area a
spectral green stimulus and again measure the reduction in ap-
parent brightness which has been produced for this second
stimulus. Since the spectral red should be expected to fatigue
the elementary red sensation mechanism much more than the
elementary green mechanism we should anticipate on the Abney-
Helmholtz assumption that the luminosity reduction for the
green stimulus would be much less than for the red one. On the
other hand, if brilliance and chroma depend upon distinct mechan-
isms the factors involved, so far as brilliance is concerned, should
be the same in the case of the green as in that of the red, and
consequently the percentage reduction of the two should be
identical. Another way of stating the proposition in a very
general form is to say that fatigue with colored stimuli should be
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expected on the Abney-Helmholtz hypothesis to modify the form
of the visibility curve, whereas on the alternative theory this
should not occur.

Abney himself carried out experiments of this general charac-
ter, and his results indicate clearly that a modification in the
form of the visibility curve actually does occur.?* Moreover,
according to Abney’s analysis, the change in question is exactly
such as would be expected in accordance with his own hypothesis.
His results, so far as they go, are clearly in the direction of sub-
stantiating the idea that brilliance and chroma depend upon the
same mechanism. However, Abney’s conditions of experimenta-
tion were such as still to leave some doubt in our minds as to the
exact significance of his results. In the first place, the size of
field which he employed was evidently such as to permit a con-
siderable amount of rod vision to be involved. Different degrees
of participation of rod and cone vision accompanying the applica-
tion of various spectral stimuli yield results very similar to those
obtained in Abney’s experiments. The effects obtained by Abney
were apparently small, although the smoothness of his curves
indicates a precision which is astonishing for heterochromatic
comparisons of the type involved in such investigations. More-
over, the contrasts in color saturation which appear in such experi-
ments may readily be confused with brilliance contrasts, provided
the latter are small. However, the most serious objection to
Abney’s work lies in the fact that he neglected, in his experiments,
to determine the absolute degree of fatigue, his data giving simply
the proportionality between the two compared colors. Although
his results may indicate some degree of interdependence of bril-
liance and chroma, we cannot from his data determine whether
the relation is of the exact magnitude which is required by his
own theory or not. :

I have particularly been led to doubt the significance of Abney’s
results because of the outcome of certain experiments of my own.
Several years ago at Nela Park I carried through a series of
minuthesis measurements® with spectral colors the conclusions

® Abney, W. de W. op. cit., pp. 371-380.
# As yet unpublished.
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of which were that the brilliance minuthesis brought about by one
spectral color carried over without change to any other such
color, or in other words, that the minuthetic effects of different
spectral colors of the same brightness are identical as tested by
all colors. Large saturation contrasts existing in my experiment,
however, would have made impossible the reliable detection of
apparent brightness contrasts much less than twenty per cent in
magnitude, although I employed the constant error technique
and was able to compute statistical differences less than the
threshold. The upshot of my measurements was that if any
Abney effect,—as we may call it,—existed, it was smaller than
the photometric threshold in my comparisons. More recently
Mr. C. H. Langford and I have taken up this problem anew in
the Harvard Psychological Laboratory. Mr. Langford has made
preliminary observations of a qualitative nature employing a
considerable number of subjects to determine whether or not the
Abney effect is observed. He finds that the majority of persons
experience such an effect, although it is so small that the observer
often has difficulty in determining whether the contrast is one of
brilliance or of saturation. At the same time there are some per-
sons who report a reversed Abney effect. I have observed the
latter myself quite strongly with certain combinations of stimuli.
This reversed effect, so far as it goes, would point in the direction
of the Hering theory of specific brightnesses combined with the
doctrine of antagonistic colors. It is quite probable, however,
that the reverse phenomenon is attributable to a failure exactly
to balance photometrically the two stimuli of different color
which are utilized in the fatigue phase of the experiment.

Since one of the principal difficulties which is encountered in
experiments of the type just described consists in the existence
of a very large saturation contrast superposed upon the brightness
contrast which it is desired to study, it occurred to me that a
flicker method might be applied to the problem, the saturation
contrast being eliminated by fusion in accordance with the well
known principle of the flicker photometer. Mr. Langford and I
have carried through a systematic series of observations employ-
ing this method, the two color stimuli which were used being an
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extreme spectral red or its equivalent, and a minus red obtained
by use of the Wratten No. 44 filter. The procedure was as follows.
The retina of one eye was first fatigued for three minutes to a
two degree field of the red, fixation being kept constant on the
center of the field. The red stimulus was now alternated with the
minus red, or green, in the same field, and the intensity of one or °
the other of the two stimuli was varied until the minimum or zero
flicker point was found. The intensity of the variable stimulus
required for this flicker match was recorded. At another time a
similar flicker match was established in the absence of minuthesis
by the red stimulus. Two photometric values were thus obtained,
the one standing for the brilliance of the red relative to the green
with minuthesis, and the other for the same relationship substan-
tially without minuthesis. In parallel with these two measure-
ments, determinations were made of the degree of minuthesis
which resulted from the three minute fatigue exposure, this being
accomplished by fatiguing a semicircular field and matching this
in brilliance by variations in the intensity of a stimulus projected
upon the adjacent semicircle at the termination of the fatigue
exposure.

From the data thus obtained, using Abney’s color sensation
curves and the known spectral distributions of the stimuli which
were employed, it was possible to compute not only the intensity of
the Abney effect which actually appeared to two observers, but
also that which should be expected theoretically in accordance
with the Young-Helmholtz assumptions. This latter value is ap-
proximately 75 per cent., representing the depression of the appar-
ent brightness of the red relative to that of the green. The values
actually found, hewever, were for one observer only 3 per cent. and
for the other 5 per cent. The empirical results, therefore, are in
radical disagreement with the Young-Helmholtz assumptions as
interpreted by Abney. They indicate that the linkage between
brilliance and chroma is far less thorough-going than is supposed
by these latter theoretical interpretations. Indeed the Abney
effect is so small as to suggest that there is actually no affiliation
whatsoever between the two functions, on the supposition that the
values for the effect actually found are simply due to errors of
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observation. However, considerable care was taken in the experi-
ments to eliminate all asymmetries in the technique, and compu-
tation of the probable error of the average results indicates that
the magnitudes actually found probably have some significance.
The results would seem more consistent with an hypothesis of
" Hering’s type in which the main body of brilliance sensations is
attributed to a single process independent of the chromatic
excitations although there is a slight residual contribution of
brilliance due to the latter. It is possible, however, to reconcile
the results with the Young-Helmholtz Theory if we suppose
that the three chromatic spectral distribution curves overlap in
the spectrum much more extensively than has been assumed by
Abney and other interpreters of the Young-Helmholtz Theory.
This overlap, however, in order to explain our results, would
necessarily be so great that all three of the chromatic curves
would differ only slightly from the visibility curve. There are
other data which indicate that the actual overlap is greater than
assumed by Abney, and on this hypothesis our data could be
employed to compute the magnitude of this overlap.

V. THE DIMMING EFFECT AND THE ASSOCIATION OF BRILLIANCE
wiTH CHROMA

In the foregoing discussion I have supported the thesis that
the mechanisms underlying brilliance and chromatic vision are
distinct, and have attempted to refute the doctrine of the Young-
Helmholtz Theory which identifies these mechanisms. I wish to
turn now to certain phenomena which, I believe, are quite new
and which point in the opposite direction, indicating a very
strong affiliation between the brilliance and chromatic functions.
These phenomena appear under the influence of sudden changes
in the brightness of the stimulus field. The fundamental processes
which are involved are probably identical with those of effects
which I have previously described elsewhere in conjunction with
such brightness changes.?

% Troland, L. T. Preliminary Note; The Influence of Chariges of Illumination
upon After-Images. Amer. Jour. of Psychol., 28, pp. 497-503; 1917.
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The conditions for the observation of the phenomena in ques-
tion, in relation to our present problem, may be described as fol-
lows. The retina is first fatigued by exposure to a bipartite field
consisting of two semicircular areas of different color, for exam-
ple a red and a green, of equal brilliance. Fixation is constantly
directed to the center of the dividing line of this field. At the
end of the fatigue phase of the experiment the entire circular field
is converted into a single color, ordinarily that of one of the fatigue
phase stimuli. This is an ordinary procedure for the study of
the Abney effect, and this effect, if it manifests itself at all, should
be visible on the homogeneous field at the moment of the removal
of the additional color which was present in the first phase. In
my own experience, as previously stated, however, practically no
brilliance difference exists between the two halves of the field.
The Abney effect, if it appears, will be of the order of magnitude
of five per cent. If now the stimulus field be suddenly darkened or
dimmed in intensity, say to about one quarter of its initial value,
a very strong brilliance contrast will often appear. The degree of
this contrast depends upon that of the dimming as well as upon
the absolute brightnesses of the stimuli, and it is furthermore
dependent in a very important way upon the exact color pairs
which were employed in producing thé original minuthesis. For
some color pairs the contrast is practically absent, but for others
it is very high, amounting often, I should estimate, to a difference
of ninety per cent. In other words this dimming technique, or
test, brings out an Abney effect, or analogous phenomenon, which
is of the magnitude which should actually be expected from theory
for the case of stimuli not varied in intensity. These results seem
to indicate inevitably that there is a fundamental linkage between
the brilliance and chromatic mechanisms, which linkage manifests
itself, however, only.under these special conditions.

I have made some preliminary experiments on the influence of
various combinations of spectral colors upon the effect in ques-
tion. Four spectral colors, representing red, yellow, green and
blue, were selected and each of these were made up into a pair
with each other and in successive series of observations the minu-
thetic effects of all of these pairs were projected upon each of the
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four spectral stimuli as reacting excitations. The results form
a rather complex system but in practically every case in which a
red was involved a strong brightness contrast appeared during
the dim phase of the experiment. The indications, therefore, are
that the red chromatic excitation is affiliated with the brilliance
process in a unique manner.?® The brilliance contrasts in the case
of the red in comparison with other stimuli were in the direction
coinciding with an expected Abney effect. However, the bril-
liance contrasts appearing in the case of the blue stimulus in com-
parison with certain others were in an opposite direction.

It is not my purpose in the present paper to attempt a thorough
explanation of these complicated relationships. It will be neces-
sary to accumulate a considerable mass of quantitative data
before this can be accomplished with any degree of satisfaction.
However, it is necessary as a portion of the argument here to
consider briefly a certain general hypothesis concerning the
mechanism underlying these dimming effects. I have previously
studied experimentally in great detail similar phenomena which
appear upon dimming a homogeneous circular stimulus field upon
one half of which is projected a negative after-image produced by
the same stimulus but of lesser area. Under such conditions a
a very strong initial brilliance contrast exists between the two
halves of the field, since one half has been fatigued to brilliance
and the other has suffered no minuthesis whatsoever. In the
course of a minute or so, depending upon the length of the fatigue
exposure, this brilliance contrast disappears, owing to the reduc-
tion of the fresh area to a level of sensitivity substantially similar
to that of the other half of the field. If now, however, the field
be dimmed, the brilliance contrast returns with great vividness.
On maintaining the field at the dimmed intensity, this brilliance
contrast rapidly disappears. If, next, the intensity be restored
to its original value a brilliance contrast reappears, but this time
in the opposite direction from that which characterized the
original effect and also that obtained by dimming. In other

3 In the Young-Helmholtz Theory, as interpreted by the majority of its expo-
nents, this uniqueness of the red would probably consist in its being the only chromatic
process which is capable of being excited in isolation from others.
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words there is a reversal of the brilliance contrast during brighten-
ing of the field. If the bright state is maintained, the brilliance
contrast again fades out. This process of dimming and brighten-
ing with rejuvenation of the brilliance contrast can be carried out
over and over again. :

On account of the fact that these brilliance contrasts which re-
sult from changes in the brightness of the stimuli are ephemeral
in character the most reasonable conception of their nature would
regard them as dependent upon differences between the rates
of fall and rise of the excitations in the two halves of the field.
Upon or during dimming the brilliance in the more minuthesized
half of the field drops more rapidly than in the less minuthesized
half, while upon or during brightening the rise is more rapid in
the former than in the latter. This principle can be stated in
terms of resistance of the excitations in the two halves of the field
to change in their magnitudes. The resistance to change, whether
in decrease or increase, is apparently less in the more minuthesized
field than in the less minuthesized one. Given sufficient time,
both sides of the field reach the same asymptotic limit either
in the process of increase or of decrease, but during the course
of their change a difference appears between them due to the
greater speed of change of one as compared with the other.

If we turn now from an abstract consideration of the experi-
mental results to the neural mechanism which is responsible for
them we find that the most plausible portion of this mechanism
in which to look for the resistance changes above considered consist
in the so-called synapses, or nerve junctions, which enter into the
conductional processes of the optic nerve and tract. Physiologists
are accustomed to regard there synapses as seats of a variable
resistance or conductance. In general, exercise, or the passage of
a nerve current, through the synapses, reduces their resistance.
This principle is obviously in harmony with the relationship of
our dimming and brightening phenomena, since it is always the
more fatigued, or more exercised, portion of the retinal field which
exhibits the greater facility of change; which, in other words,
darkens or brightens the faster. with the. corresponding changes
in the stimulus intensity. We are therefore led to suppose that the
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mechanisms underlying these dimming and brightening phenom-
ena are localized in the nerve synapses rather than in the retinal
receptors.

VI. EXPLANATION IN TERMS OF A ZONE THEORY OF VISION

In the considerations of the last paragraph we find an indica-
tion of the manner in which we may hope to resove the paradox
established in the present paper. This paradox is the outcome of
two sets of data, one of which seems to indicate the complete, or
at least the very approximate, independence of brilliance function
with respect to chromatic function. The other system of data,
centering around effects resulting from intensity changes in the
stimulus, point in exactly the opposite direction, necessitating the
supposition that the brilliance and chromatic mechanisms are
very closely affiliated. Even a cursory examination of the mechan-
ism underlying visual sensation and perception reveals its extreme
intricacy. The prevailing theories of visual processes err in many
respects, but fundamentally in their tacit assumption that the
visual mechanism is simple, or can be so regarded. The first step
in the analytic description of the complex mechanism which we
find in the eye and its nervous appendages would appear to be
to divide up the propagational or conductional system in which it
consists into successive stages or zones. The first of these may be
considered to be the object in space before the eye, the second the
radiation which is sent off from the object to impinge upon the
cornea, the third stage would consist in the refractive adventures
of the radiation in the ocular media, the fourth the photochemical
changes occurring in the retinal receptors, and the fifth the reac-
tion of the photochemical end products with the optic nerve
fibers to initiate the visual impulses. Following thereafter comes
a series of nerve conduction stages or zones involving successive
synaptic and nerve fibre activities leading finally through the sub-
ordinate ocular motor nuclei of the corpora quadrigemina and
other lower visual centers, to the visual projection areds of ‘the
cerebral cortex. Finally there are the complicated connections
of the visual projection areas with various association areas of
the cortex. It is probably only in conjunction with processes
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occurring in these latter association areas that chroma and bril-
liance as aspects of visual consciousness are aroused.

It is clear that visual effects observed in consciousness may
depend upon any one or any combination of the mechanisms lying
in these successive zones of the visual conduction apparatus. One
criterion, or test, such as flicker, may bring out the peculiarities
of the mechanism in a certain zone such as, for example, the cor-
tex, whereas another test, such as our dimming procedure, may
emphasize the characteristics of some other zonal mechanism,
say for example the mechanism of certain synaptic regions which
lie afferent to the cortex. Other phenomena, such as the three
color sensation curves, may rest principally upon the characteris-
tics of retinal mechanisms. By a proper selection of tests or
procedures we might hope to be able to isolate the characteristics
and internal relationships of any one of these visual zones. The
resolution of our paradox concerning the interrelations of brilliance
and chroma would therefore seem to lie in the suggestion that the
retinal mechanisms underlying brilliance and chroma respectively
are nearly or quite independent of one another, but that the
synaptic or certain nerve conduction mechanisms which are sub-
sequent to the retinal processes involve a very definite linkage of
the factors which transmit the values of these distinct retinal
excitations to the cerebrum.

This doctrine of the existence of zones in the visual mechanijsm is
by no means a new one. It has been recognized by practically all
visual theorists, although very few of them have made any use of it
since they have tended to suppose that, although the mechanisms
involved in the separate zones were separate, they were neverthe-
less quite similar in character to one another and connected by a
point to point correspondence. The theory of Donders,* however,
1is a definite exception to this rule. Von Kries has also advocated
a zone theory which makes the retinal apparatus different in
character from that of the cerebrum. The most serious of all
theories of this type which has yet appeared, however, is that of

“ Cf. Parsons, J. H,, 0p. cit., p. 210.
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Schjelderup,”® a very recent, and apparently a very important,
addition to our vast collection of visual speculations. Schjelder-
up’s theory is worthy of careful study by all students of the visual
mechanism.

Schjelderup divides the visual apparatus into three successive
zones; those of the retina, the cerebral cortex, and an intermediate
stage (Zwischenprozesse). He recognizes the correctness of
Hering’s analysis of the visual qualities into the six psychological
primaries, white, black, red, yellow, green, and blue. In the cere-
bral zones there are, according to his view, six distinct activities
which are in one to one correspondence with these six psychologi-
cal primaries. There is no element of linkage or identity between
these six cerebral mechanisms in and for themselves. In the
intermediate zone, however, the activities which correspond with
the six psychological primaries, although still in a one-to-one
relation with the latter via the cortical elements, are arranged in
antagonistic pairs. The black- and white-representing activities
are linked together and one of them cannot be affected without
influencing the other. The same consideration holds true for the
pairs red and green; as well as for blue and yellow. In cases of
color blindness due to the dropping out of any one of these inter-
mediate zone processes the antagonistic activities must disappear
together. However, in the case of color blindness due to cortical
derangement an independent dropping out of elementaries corre-
sponding to antagonists in the intermediate zones is possible.
In the third or retinal zone three separate mechanisms are sup-
posed to exist, each having a characteristic response curve to
different wave-lengths in the spectrum. One of the retinal mech-
anisms.. responds by a process of oxidation to all of the wave-
lengths of the spectrum but to a varying degree which is repre-
sented approximately by the visibility curve. The activities of
this mechanism are transmitted exclusively to the white-repre-
senting process of the intermediate zone. A second retinal
mechanism responds by an oxidative process to the long waves of
the spectrum but by an opposed or reductive process to shorter

# Schjelderup, H. K. Zur Theorie der Farbenempfindungen. Zeils. fiir Sinnes-
physiol. 51, 19-45; 1920.
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waves, ending approximately at the blue of the spectrum. The
oxidative phase of this mechanism transmits its energy not merely
to the red-representing process of the intermediate zone but also
to a certain extent to the white- and yellow-representing factors of
the latter zone. The reductive phase of the same retinal activity
also transmits its response not merely to the green-representing
element of the intermediate zone but also to a certain extent to
the black and blue components of the latter. A third retinal
mechanism also shows opposed oxidative and reductive reactions
to different wave-lengths with maxima for these respective phases
of its activity localized approximately at the yellow and blue, the
energies of the oxidative response being transmitted to the green
and yellow factors in the intermediate zone activity while the
reductive response influences the blue and red components of the
intermediate stage. The relation between the retinal zone and the
intermediate zone is obviously not a plain one-to-one correspon-
dence but a far more complicated arrangement.

By means of the mechanism thus sketched, which in my opinion
is by no means too complicated to represent the actual system of
visual response, Schjelderup is able to explain all known forms of
color blindness, including not only the common types which are
considered by the Hering and Young-Helmholtz Theories but also
the rarer forms for which these latter theories are powerless to
account. The general nature of the interrelation which Schjelder-
up’s hypothesis postulates as existing between the chromatic and
brilliance producing mechanisms promises to be of assistance in
the attempt to explain many of the facts which we have consid-
ered in the present paper. The retinal mechanism which is asso-
ciated most closely with the red chromatic process is also linked
with the brilliance producing activity, a fact which suggests a
possible rationale of the brilliance contrasts which are brought out
by the dimming procedure whenever a red enters into a compari-
son with other colors. The association of the retinal mechanism
which is most intimately connected with the green chromatic pro-
cess with the black producing excitation also suggests a possible
explanation of the reversed brilliance contrast which appears in
the dimming experiment when blue is contrasted with green or
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yellow. However, it is not my purpose in the present paper to
attempt a detailed development of these possibilities.

The moral of the foregoing discussion is that to arrive at a
thorough understanding of the mechanism or theory of visual
response, it is absolutely necessary to take into consideration the
zonal structure of the mechanism which is involved. The three
zones of Schjelderup’s hypothesis are not too many to account for
the actual maze of facts which we encounter. Anatomical analysis
shows that many more than three are inevitably concerned in
the total process. All of the many visual theories which have been
propounded probably have some truth in reference to some zone
of the visual process, and it is possible that a sufficient number of
zones actually exist to permit each of these multudinous theories
to be substantially true for at least one of the zones, leaving other
zones open for its opponents.

HarvARD UNIVERSITY
CAMBRIDGE, Mass.



MEASUREMENT OF THE COLOR TEMPERATURE OF
THE MORE EFFICIENT ARTIFICIAL LIGHT
SOURCES BY THE METHOD OF ROTATORY
DISPERSION*

BY
IrwiN G. PrIEST

I. INTRODUCTION

The color temperatures of a number of sources of comparatively
low or medium efficiency have been published! some years ago.
Forsythe has recently communicated results on various lamps
including gas-filled tungsten lamps at several efficiencies up to
27.3 lumens per watt.? So far as the author knows there are no
data extant for higher temperatures than those given by Forsythe
and no data duplicating the higher temperatures given by him.
Also so far as we know, no attempt has heretofore been made to
determine the color temperature of the carbon arc by direct
observation.

The author has previously described an apparatus which may
be readily adapted to the measurement of very high color tem-
peratures® by the rotatory dispersion method.

The purposes of the present paper are:

(1) To illustrate the practical applicability of the rotatory
dispersion method to the measurement of color temperatures
between 3000° and 4000° K.

(2) Topresentsome data on the precision and accuracy of meas-
urements of color temperature at about 2850°K. A

* Published by permission of the Director, Bureau of Standards. This paper
was first presented at the Rochester Meeting of the Optical Society of America, Oct.
25, 1921.

‘The author is indebted to Dr. K. S. Gibson, Mr. E. P. T. Tyndall and Mr. H. J.
McNicholas for their assistance in obtaining the data on precision and accuracy
shown in Tables I and II, and to Dr. M. Katherine Frehafer and Dr. Gibson for much
assistance in computing.

! Hyde and Forsythe: J. Frank. Inst., 183, pp. 353-354; 1917. E. F. Kingsbury:
J. Frank. Inst., 183, pp. 781-782; 1917.

? Meeting of American Physical Society, Washington, April, 1921; Phy. Rev.
(2) 18, p. 147; Aug., 1921.

3J. Op. Soc. Am., 5, pp. 178-183; March, 1921. Cf. also Phy. Rev. (2), 10, pp.
208-212; 1917, particularly the closing paragraph. .
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(3) To present an independent confirmation of Forsythe’s
data on the color temperature of gas-filled lamps.

(4) To present new data on the color temperature of the gas-
filled lamp (Mazda C) up to efficiencies of about 39 lumens per
watt, which corresponds very nearly to the melting point of tung-
sten and the consequent failure of the filament.

(5) To present some data on the color temperature of the crater
of the carbon arc.

II. DEFINITION OF COLOR TEMPERATURE

In this paper, color temperature is understood to mean the
temperature at which a hypothetical Planckian radiator (“black
body”’) would emit light competent to evoke a color of the same
quality (hue and saturation) as the light from the lamp under
test.

The value 14350 micron-degrees is assumed for the Planckian
constant c, throughout this paper.*

III. THE PRECISION AND ACCURACY OF MEASUREMENTS
OF CoLOR TEMPERATURE

Before proceeding further it is pertinent to introduce some data
on the precision and accuracy of temperature measurements of
lamps by the method of color matching in general, and quite
aside from the particular features of the method to be described
in this paper.

These data were obtained under the following conditions:—

(1) Type of photometric field: Circular and divided along a
diameter, (Martens photometer).

(2) Angular size of whole field: 6°.

(3) Absolute temperature, 2850° K.

(4) Method: The observer adjusts lamp voltage to color match
while an assistant records the voltages thus set. The differences
between single settings and averages are computed and these
residuals translated into temperature by means of the known
relation between voltage and temperature.

Data on precision are shown in Table I.

4 Coblentz, B. S. Sci. Pap. No. 248; p. 470; 1916. Forsythe, J. Op. Soc. Am., 4,
p. 332; 1920. : .
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TasLE 1

AVERAGE DEVIATIONS

FROM MEANS OF TEN OBSERVATIONY Average[PROBABLE|PROBABLE
(Degrees, Centigrade) of ERROR ER&QR
—» Average| OF MEAN
@M (| 213 ]| 45| 6|78 Peviationg onNE | "o
10bs: OBSERVATION  TE N

1GP [3.6]/9.8)10.8]/5.9]|6.7|7.5|5.3]6.9] 7.1°C|+ 6.3°C|+ 2.0°C
KSG |6.7(6.9{5.5/4.5|8.6{4.8|5.8/6.9] 6.2 |+5.5 (£ 1.7
EPTT|11.0]5.3]6.5/4.3|4.2|7.1/8.8/6.0] 6.6 [+5.9 [+ 1.8
HJM |4.2(5.0(5.7]7.9(3.4|5.1|4.2|6.1] 5.2 [£+4.6 [+ I.3

r\vera.ge-a 6.3 5.6 1.7

Precision of color matching lampsat about 2850° K. Circular photometric field divided on a diame-
ter. Angular diameter of whole field about 6° (Martens Photometer). Observer sets voltage on test lamp
to color match ison standard. Assi records voltages. Observed deviations in volts have been
reduced to corresponding deviations in temperature.

Data from four gas-filled 500-watt lamps, June 29-30, 1921.

Data on the agreement among the final results of determinations
by different observers on the same lamps are shown in Table II.
The systematic differences between observers shown in this table
is probably due to the fact that for each observer a constant set-
ting of the comparison lamp was used.

TABLE 2
DEVIATIONS, degrees C

b N 3254 (3 513256 3257 JAverage

s.

IGP |[—/3.2|—-4.9|-1.7|—7.0 j—4.2
KSG |+ 9.4 |+7.4|+6.7 |+10.2 |+8.4
EPTT|—9.2|—4.1 |-6.9]|—5.6 |—6.4
HJM |+ 3.0+ 1.8 [+1.9]1+2.5 §+2.3
Average without regard to sign] 5.3

Departure of individual observer’s means (20 observations) from mean of four observers.

Substitution method.

Circular photometric field divided on a diamet Angular diameter of whole field about 6° (Martens
Photometer).

Data from four gas-filled 500-watt lamps, June 29-30, 1921,
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IV. STANDARD SOURCE
1. Description of Lamp
The fundamental reference standard on which the temperature
scale in this paper is based is embodied in a particular 500-
watt gas-filled concentrated-filament tungsten stereopticon lamp,
Fig. 1

Spectral distribution of energy, B. S. Lamp No. 1717 and Planckian radiator at 2820° and 2850°

designated as B. S. Lamp No. 1717, operated at 118.0 volts. EThe
efficiency of this lamp as found by the photometric section,
Bureau of Standards, was:—

On April 3, 1917 at 118.0 v, 4.06 a, 15.6 L.p.w.

On June 17-18,1921 at 118.0v, 4.05 a, 15.75 L.p.w.
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2. Standardization by Spectral Distribution

The spectral distribution of energy from this standard lamp
as determined radiometrically by Dr. W. W. Coblentz of the
Bureau of Standards in April 1917 is shown by the circles in Fig. 1.
The continuous curves in the same figure show the theoretical
spectral distribution of energy from a Planckian radiator at 2820°
and 2850°K. It may be inferred from this figure that the color
temperature of this lamp is approximately 2840 to 2850°K but
from mere inspection of the figure this conclusion is subject to
considerable uncertainty.® A more precise value has been derived
from the same data by the following procedure:

(1) The wave-length of the center of gravity of a spectral
distribution of light is defined as

_JVEMA
~ fV-Ed\

where A =wave-length;

E =energy per unit wave-length for wave-length, A;

V =visibility of radiant energy for wave-length, A.
(The graphic significance of this definition may be explained by
reference to Fig. 2. \ is plotted as abscissa. VE is plotted as
ordinate. The different curves represent spectral distributions
of light from a Planckian radiator at different temperatures. For
any temperature, A, is the A-coordinate of the center of gravity
of a thin template of uniform density bounded by the A-axis and
the distribution curve for that temperature.)®

(2) A\ has been computed for a Planckian radiator at various

temperatures and plotted as a function of temperature as shown

§ In previous papers (J. Op. Soc. Am., 5, pp. 178-183; March 1921 and B. S. Sci.
Pap. No. 417, Vol. 17, pp. 231-265; 1921), the color temperature 2830°K was inferred
from these same data. This value was merely a rough approximation as inferred
from plotting the data on a small scale and is not accurate enough for the present
purpose. The revised value given in the present paper results from a more careful
examination of the data, and a more precise and reliable method of reducing it. -

¢ Compare also:—Jour. Op. Soc. Am., 4, pp- 389-401; 1920 B.S. Sci. Pap. No.
417, Vol. 17 p. 234; 1921.



32 IrwiN G. Priest  [J.O.S.A. & RS.I, VI

in Fig. 3. These computations have been made by arithmetic
throughout by the formula

SV-E-\

N=Too

ZV'-E
taking values of V, E and \ at intervals of 10 millimicrons, and
are more accurate than the graphic integrations used in previous
papers.”

Fig. 2

LIGHT

Spectral distribution of light, Planckian radiator at various temperatures.
Energy by Planck’s Formula (C:=14350).
Visibility:-— ’
2, 560-650
H. E. Ives, Phil. Mag. Dec. 1912, p. 859.
A, 410-550 and 660-710
Hyde, Forsythe & Cady, Jour. Frank. Inst. 48, p. 87.
Numbers attached to curves indicate temperatures in degrees K.

(3) X\ has likewise been computed in the same way for the
original experimental data on the spectral distribution of energy
from the lamp, and this value of A, used to derive the color tem-

7J. Op. Soc. Am., 4, pp. 389-401; 1920. B. S. Sci. Pap. 417, Vol. 17, pp. 234~
235; 1921.
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perature from the relation between A\, and color temperature
shown in Fig. 3. The color temperature so derived is®

2848°K
Fig. 3

TEMPERATURE deg. K

A ¢ millimicrons
Relation between temperature and wave-length of center of gravity, Planckian radiator

This value is the weighted mean of three separate computa-
tions, and from their agreement, it is estimated that the uncer-

8 It is to be observed that while the visibility of energy enters into the formulas
used, it does not enter in such a way as to affect the temperature found so long as the
same values of visibility known to be approximately correct, are used in determining
all values of Ac considered and the spectral distribution approximates Planck’s for-
mula. The values of visibility actually used throughout the present paper are shown
by the solid curve in Fig. 8, J. Op. Soc. Am., 4, p. 471.
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tainty of this result due to approximations in computation is less
than 3°.

The sensibility and accuracy of this method are clearly demon-
strated by the consistency of the several points determining the
curve at about 2850°K, Fig. 3. Judging from this, the uncer-
tainty is less than 5°.

3. Standardization by Color Match with Planckian Radiator (Nela Laboratory)

In order to compare this standard with the color temperature
scale of the Nela Research Laboratory, a 500-watt gas-filled lamp
of the type now used as photometric standards was accurately
color matched with B. S. Lamp 1717, at 118.0 volts by a substi-
tution method. The voltage for color match was determined by 20
settings by eack of four observers. The resulting mean voltage
was 101.0 v, for which the current was 4.097 a. The lamp was
then sent to the Nela Research Laboratory and its color tempera-
ture by color match with a ‘“black body’’ was found to be®

2848°K
at 101.0 v, 4.099 a.

4. Conclusion as to Standard

On the basis of the good agreement between the color tempera-
ture derived from Coblentz’s isothermal data and that indepen-
dently found by color matching with a “black body” at the Nela
Research Laboratory, we may define our standard for future
reference in a more fundamental way than by referring to a partic-
ular lamp, as we have at the beginning of this discussion.

Our standard source is accordingly a source closely approximating
the Planckian spectral distribution in the visible spectrum and having
a color temperature of 2848°K.

V. EXPERIMENTAL METHOD

The essential feature of the rotatory dispersion method is this:
A quartz plate between nicol prisms, serving as a light filter of
adjustable spectral transmission,'® is used to modify the color of

? Letter, W. E. Forsythe, Nela Lab., to I. G. Priest, Aug. 11, 1921.
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a comparison source so as to match the unknown, the constants
of the apparatus being chosen so that the spectral distribution
of the light emerging from the quartz-nicol train is always repre-
sented by the Planckian formula. Colorimetrically, the experi-
ment is equivalent to varying the temperature of a “black body”
until it is color matched with the lamp in question and then noting
the temperature. The essential parts and arrangement of the
apparatus are shown in Fig. 4. The experimental procedure is
Fig. 4
qulaarttez u e

Ocular
Nlcol Nicot

2
Path of Llight I ?H]_l 7| _@_ E__
Optic Axis of Quartz}'

o. 500 X /Kagnesna.
mm T Screen
Position

of Standard Lamp
or Test Lamp

Comparison
Source

Essential parts of apparatus

then as follows: The standard lamp of known spectral distribu-
tion is placed at X so as to illuminate part of the photometric
field. The quartz plate being removed, the current in the com-
parison lamps in the box is adjusted to give a color match in the
photometric field. This current is thenceforth maintained con-
stant. The source whose color temperature is to be measured is
then substituted for the standard lamp; the quartz plate is inserted
between the nicols and nicol No. 2 is rotated (angle, ¢) to produce
a match of color quality. (A brilliance match is of course simul-
taneously made by other nicols, not shown in Fig. 4.)

The actual apparatus used was the Arons Chromoscope.!
The Lummer-Brodhun cube is set so that the field has the form
shown in Fig. 5. The visual angle of the circle (comparison light)
is about 3.5°. This form of field appeared to be somewhat more
sensitive than the concentric field for matching of color quality,
although its particular odd shape is not to be recommended.

10 J. Op. Soc. Am. 4, pp. 485-486.
1 Ann. der Phy. (4) 39, pp. 545-568; 1912.
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Fig. 5

Comparison

1s3})
40
pJepu®ilg

Form of photome!ric field

Lig. 6

WAVE LENGTH millimicrons

Spectral distributions of energy, Planckian radiator at various temperatures compared with
distributions obtained by rotatory dispersion.

The solid black curves represent Planck’s formula with Cy=14350. The numbers attached to these
curves indicate temperatures in degrees K.

The various circles represent distributions obtained by the arrangement shown in Fig. 4. Each

different style and size of circle refers to a particular value of ¢; and the numbers attached to the circles
indicate values of ¢ in circular degrees.

In all cases, energy =100.0 at wave-length 590 (arbitrary convention).
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VI. METHOD OF CONSTRUCTING THE TEMPERATURE SCALE

Let ¢ (measured from extinction position with quartz removed,
and in same direction as the rotation by the quartz) be the angle
through which nicol No. 2 is rotated to obtain a color match.

The method of constructing the temperature scale correspond-
ing to the instrument reading (¢) is a refinement and extension of
that previously published.!

The spectral distributions of energy corresponding to different
values of ¢ are shown in Fig. 6, together with the spectral dis-
tributions of a Planckian radiator at various temperatures.

Inspection of this figure shows:—

(1) The distributions obtained by rotatory dispersion approxi-
mate very closely to the theoretical distributions by the Planckian
formula.

(2) The temperature corresponding to any value of ¢ can be
inferred approximately from simple inspection of this figure,
although this method of establishing the relation between ¢ and
temperature is not sufficiently precise for our present purpose.’?

The precise relation between ¢ and temperature has been ob-
tained as follows:

(1) Xc has been computed for the spectral distributions corre-
sponding to different values of ¢ (Fig. 6) in the same way as for
the standard lamp and the Planckian radiator as described above.

(2) Temperatures corresponding to these values of X, have been
read from Fig. 3 and plotted as a function of ¢ in Fig. 7.

Figure 7 thus obtained now serves as a calibration curve for deriving
color temperature from experimentally observed values™ of ¢.

VII. CHECK MEASUREMENTS
1. Check of the Method with Radiometric Determinations

The color temperature of B. S. Lamp 1716 (a 500-watt gas-
filled stereopticon lamp, like 1717) at 22.0 l.p.w., has been found
by this method to be

3082°K
(mean of 30 observations)

12 J. Op. Soc. Am., 5, pp. 178-183; March, 1921.

13 The curve shown in Fig. 6, J. Op. Soc. Am,, 3, p. 182, was obtained by this
simple process of inspection.

M Cf. “Experimental Method’” above.
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Relation between ¢ and temperature
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The temperature derived by means® of A, from the spectral
energy distribution determined by Coblentz* is

3086°K

2. Check of the Method with Color Temperature Determinations
by the Nela Research Laboratory

The color temperature of a 900-watt gas-filled ‘“Movie’” Lamp
at 22.7 lp.w., has been independently determined by Forsythe
at the Nela Research Laboratory, using their methods, and by
the author at the Bureau of Standards, using the present method.
The results follow.!?

before B. S. Measurement..................... 3091°K
Nela|after B. S. Measurement...................... 3083
Mean. ... e 3087
Bureau of Standards (Each value is mean of 10 observa-
tHONS) . ..., . 3090°K
3095
3067
3087
3093
3079
Mean. ..ot i e e 3085

VIII. THE CoLoR TEMPERATURE OF THE GAS-FILLED
TuNGSTEN LAMP As A FUNcTION OF EFFICIENCY

The data shown by the small open circles in Fig. 8 refer to a
500-watt gas-filled lamp (Mazda C National Lamp Works) of the
type now used as a photometric standard at the Bureau of Stand-
ards.

These data were obtained in the following way:

(1). Two lamps of nearly identical characteristics (equal effi-
ciencies at equal voltages) were selected.

(2) One of these (B. S. 3261) was used to determine efficiency
as a function of voltage for increasing voltage until the filament

18 By the same method as described above for deriving the color temperature of
the standard lamp No. 1717 from the radiometric data.

18 Coblentz’s determinations of Lamp 1717 were made in April 1917. His deter-
minations on Lamp 1716 were made in December 1918, after readjusting his appara-

tus.
17 Letter, Forsythe to Priest, July 29, 1921.
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failed.!®* This filament failed at 200 volts, the efficiency at 195 v
being 38.2 lL.p.w.

(3) The other (B.S. 3260) was used to determine color tempera-
ture as a function of voltage at increasing voltages until the fila-
ment failed, at 206 volts.

(4) Correlating the data on the two lamps, color temperature
is shown as a function of efficiency, in Fig. 8.

Fig. 8
azoe
3600
¥ 3300
o 3400
3 g
. 3300
a
S %o,
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- 74
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a Y
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9 3000 - MAZDA C LAMP
8 2900 = B S oate . 32
n amps
o OS)) eane e g: 4]
L 3260. O c
2800 ] ame Jel ."suﬁ
.N.el.; Data forwtw
0 5 20 25 30 35 )

EFFICIENCY lpw
Color temperature of 500-watt gas-filled photometric standard lamp as a function of eficiency

Some of Forsythe’s previously published data'® are also plotted
in this figure. The agreement is as good as could be expected
considering the different lamps involved.

In order to avoid burning the lamp longer than absolutely
necessary at any one voltage (which would have shortened its life
and forestalled observations at the highest temperatures),accuracy
was sacrificed for speed in these observations. The observations of
temperature were made as rapidly as possible and only five at

18 These determinations were made by Ben S. Willis, Photometric Section, Bureau
of Standards.

19 Phy. Rev. (2) 18, p. 147; Aug. 1921.
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each voltage. On this account the points (Fig. 8) depart from a
smooth curve. It is believed nevertheless that the curve which
has been drawn through them is not in error, on this account,
by more than 10° at any point. These data are, however, pre-
sented as a preliminary roughing out of the color temperature—
efficiency relation rather than a precision determination.

At the highest efficiency attained (39.2 l.p.w.) the color tem-
perature observed was 3644°K. The accepted value®® for the true
temperature of the melting point of tungsten is 3673°K. No
precise relation between the true temperature and the color tem-
perature of gas-filled lamps can be stated; it appears, however, that
the present determination is in as close accord with the accepted
melting point as could be expected.

IX. THE CoLOR TEMPERATURE OF THE CRATER OF THE
CARBON ARC

Previous work has shown? that the temperature of the crater
of the arc varies by nearly 200°C, dependent upon the carbons
particularly, and upon the current and other conditions to a less
extent.

The most reliable of our data by the rotatory dispersion method
indicate color temperatures as follows for the crater of a 65-volt,
10-ampere arc:

Solid carbons 3780°K (mean of 50 observations)

Cored carbons 3420°K (mean of 50 observations)

These means are considered uncertain by about 50°.

So far as we know there are no previous determinations of
‘““color temperature’”’ of the arc with which to compare these
results. Waidner and Burgess"" give 3680° to 3720° as “black body
brightness temperature.”

The method described would be convenient and suitable to use
in an extensive determination of the temperature of the arc under
various conditions.

NATIONAL BUREAU OF STANDARDS

NoveEMBER 4, 1921,

2 Worthing, Phys. Rev. (2) 10, p. 392; 1917.

3 Cf. Forsythe, Phy. Rev. (2), 18, p. 147; 1921.

22 Waidner and Burgess, B. S. Bulletin, /, pp. 109-124; 1904.
1 B. S. Bulletin, 1, p. 123.



THE BLUE GLOW

BY
E. L. NicHoLs AxD H. L. Howes

Certain oxides when heated to incandescence emit light of a
distinctly bluish cast at temperatures corresponding to the dull
red heat of non-selective radiators.

To this effect, which is particularly well marked when the
heating is done with a hydrogen flame sufficiently reinforced
with oxygen to secure the desired temperature, we have given the
name of the blue glow. 1t is a special case of the luminescence of
incandescent solids, a topic upon which we are now engaged and
which, in its broader aspects, will form the subject of a forth-
coming paper. In our study of the blue glow it was desired to
determine (1) the temperature of the glowing oxide; (2) the
brightness of its temperature-radiation proper; and (3) the bright-
ness of the blue glow itself which may be regarded as superimposed
upon the temperature-radiation.

For this purpose we used an optical pyrometer of the type based
upon the well known Morse gauge, in which the filament of an
incandescent lamp in the eyepiece of theinstrumentis superimposed
upon the image of the glowing surface the temperature of which is
to be measured. To mount the oxide for observation an annular
groove about Lcm in outer diameter, 1 mm deep and 2 mm wide
was ground in a bed of alundum. Fragments of thick walled alun-
dum tubing of large diameter, of which an abundance chanced to
be available, answered admirably for this purpose. The annular
groove was pressed full of the black oxide of uranium, a substance
which affords an excellent approximation to the ideal black body
and which withstands the direct contact of the H-O flame better
than any black powder which we have thus far found. The disk
of alundum within this ring of uranium oxide was then covered
with the oxide to be studied, the two surfaces of powder being
carefully pressed down to the same level. Especial care was taken
to have a sharp boundary line between the white oxide within
and the ring of black powder surrounding it. Upon the surface
thus prepared a flame of hydrogen from a blast lamp, with just

42
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sufficient oxygen to give it direction and stability, played verti-
cally and concentrically from above. It was found that when the
two surfaces were at the same level, neither being sensibly elevated
or depressed with reference to the other, and when the flame was
large enough to cover them fully and was properly centered, they
attained the same temperature.

TasLE I
The Blue Glow of Magnesium and Beryllium Oxides

Mg O Be O

Temp.| I I, Io/Ibb Io Io/Itb

C.

.65 45 | .65u | .45u .65 45u | .65u 45u

665° |.00013||.00000018| .0202|.00140[156.7 {|.000000025| .0563| .000195[437.
735° |.00123(/.0000026 | .0320|.00214| 45.0 ||.0000016 | .079S5| .000867| 65.8
837° 1.0246 ||.00033 .423 1.0135 | 17.2 |{.00067 .295 | 0271 | 12.0
960° |.419 |[.0202 3.63].0482 | 8.77 ||.038 1.44( .0832 3.14
1037° | 1.95{|.165 8.91(.0847 | 4.57 ||.213 1.95| .109 1.00
1097° | 5.93 1.077 | 16.1].182 | 2.72 1.00 3.31] .169 .561
1145° | 13.2). ..o eennnn 2.46 6.37| .186 511
1190° | 26.6f 9.77 26.4/.367 | 1.04 6.75 13.0] .252 .423
1228° | 45.7(..... .. ]t 72.5 110.2|1.58 2.44
1263° | 76.7|| 26.6 36.7(.347 .479|| 146. 179.9/1.91 2.35
1294° 1156, [[....oooi]oeenn oot 229. 230. |1.98 1.9
1328° | 178. 55.6 72.0|.312 .404|| 295. 254. |1.66 1.43
1394° | 389. 62.0 139. [.357 .356| 513. 316. (1.32 .813
1429° | 582. || 182. 194. [.313 B33
1462° | 828. || 285. 277. .34 .334{| 767. 513. | .927 .621
1488° 11097, ||.....covfeenei]eeni ]t 910. 600. | .830 .535
1527° |1602. || 745. 525. |.460 .324)[1181. 713. | .728 471
1580° |2690. |[1614. 1012, |.600 .375|(1641. 1052. | .610 .391
1606° [3420. {|2309. 1387. |.675 .406|(1928. 1282. | .564 .375

Seen through the pyrometer, with the usual red screen in the
eye-piece the field of view at about 700°C appeared as a red ring
with dark center. Through a blue screen it consisted of a blue
central patch, the blue and violet rays from the red hot uranium
oxide not being of sufficient brightness to render the surrounding
ring visible.

To express these conditions and their changes with rising
temperature in quantitative form the following cycle of readings
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was made at intervals of about fifty degrees between 600°C and
1600° C, or up to the point of fusion of the oxide under observa-
tion:—

(a) A setting on the outer ring through the red screen

(equivalent wave-length .65u). This gave the actual black
body temperature of the black surface which was the same as
that of the oxide of the central disk.

(b) A setting on the central disk through the red screen.
This gave the black body temperature corresponding to the

red radiation from the oxide of the central disk.

TaBLE 2
The Blue Glow of Calcium and Aluminum Oxides
CaO A0y
Temp.| Isb 1o To/Teb 1o To/Tby
C.

.O5u 454 | .65u |.45u .65u 45 .65u .45u
665° |.00013|.00000055| .0276| .00432| 216.|[.000000051| .0794| .00039 |617.
735° (.00123]| .0000159| .0632( .0128 |52.2 .0000036( .144| .00287 [117.
837° | .0246 .00292 .336[ .114 |13.7 .000209| .422{ .00851 (17.2
960° .419 .100 [ 1.46 | .240 |3.49 L0121 733 .0287 | 1.74
1037° | 1.95 .802 [ 7.31 411 13.75 .159 | 1.66 | .0813 .852
1097° | 5.93 2.62 |25.0 | .453 |4.19 912 | 3.76 | .154 .634
1145° | 13.2 6.92 | 41.7 .522 (3.11 2.72 | 7.41 | .206 573
1190° | 26.6 17.5 | 58.2 | .656 |2.18 7.76 | 24.5| .292 .923
1228° | 45.7 33.1 | 87.5 725 101 || e
1263° | 76.7 40.7 |151. .531 (1.97 32.2  [103.5 | .420 1.35
1294° [156. 61.7 |254. .535 12.20 64.6 {155. .595 1.34
1328° [178. 120.  |351. .671 (1.97 133.4  [195. 748 1.09
1362° (266. 264.  [310. .994 11.17 251.0  [298. 944 1.12
1394° {389, 345.  |226. .887 | .582|| 408. 582. [1.048 1.49
1429° |528. 422. 190. 25 326 .
1462° |828. 507.  [226. .613 | .274|| 1000. 1084. | 1.21 1.31
1488° 11097. 624. 126. STO | LIS
1527° |1602. 871. |327. .536 | .202]| 2370. 1863. | 1.46 1.15
1580° {2690. [ 1225. |578. ASS | L21S|| e
1606° (3420. || 1429. (794. 381 | L232)) e e e

Since, as has aready been mentioned, the oxides in

question are exceedingly feeble temperature radiators and
since the blue glow is of too short wave-lengths to pass the red
screen, these measurements, for the lower portion of our range

i N
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of temperature, i.e., below 1000°C, gave black body tempera-
tures far below the actual temperature of the surface.

(c) A setting upon the central disk seen through a solution
of ammonio-sulphate of copper which cut out all red and yellow
rays and practically all of the green of the spectrum. The
equivalent wave-length for this screen was about .45u. It trans-
mitted the greater part of the radiation constituting the ‘‘blue
glow”’ and since for the lower range, from 800° downwards, the
temperature-radiation of these wave-lengths was almost too
small to measure, this setting, with a very close approximation,
gave the blue glow alone. At higher temperatures where the
ordinary temperature-radiation became appreciable, this setting
gave the sum of temperature-radiation and blue glow.

TaABLE 3
The Blue Glow of Stlicon and Zirconium Oxides

Si0- 730,
Temp.| Inp I, Io/Tby I, To/Ibb
C.
65u 45u | .65u 45u 65u 45u 65 45u

665° |.00013{|.000000076| .0382{.00059{195 .0000026| .0068| .0204 |53.1

735° 1.00123|| .0000026( .0708(.00210| 57.3 .000077| .0382 .0621(30.9

837° | .0246 .00059| .341| .0239{ 13.9 .0039| .403| 1.61 (16.4
960° .419 .0275| 1.65 | .0600| 3.59 .121) 3.41 .288| 8.15
1037° | 1.95 .191| 4.42 | .0977| 2.26 1.20 | 69.1 .617| 3.50
1097° | 5.93 1.10 11.0 .186| 1.86 6.34 | 19.2 1.07 | 3.25
1190° | 26.6 8.51 35.3 .316] 1.33 24.5 87.5 .923| 3.29
1263° | 76.7 41.2 89.1 .5371 1.16 59.0 |146. L7701 1.91
1294° |156. 100.0 |167. 8650 144 ...
1328° |178. 233. 316. 1.31 | 1.77 155. 233. .870| 1.31
1362° 1266. ||..........| oo i 254. 317. .979| 1.19
1394° |389. 614. 631. 1.58 | 3.09 419. 397. 1.07 | 1.00
1429° [528. [|......... ..ot 769. 610. 1.32 { 1.04
1462° |828. 1390. 1902. | 1.68 | 2.30 || 1150. 798. 1.38 .990
1527° [1602. || 2500. 2566. | 1.54 | 1.55 || 1950. 1102. 1.20 .679
1580° 2690. ||..........0.....[......]...... 2620. 1500. 973 427

By measurements of this sort on the oxides of calcium, magne-
sium, zirconium, beryllium, silicon, aluminum, etc., some of the
results of which are given in the following tables and figures, we
are able to describe the blue glow in fairly definite terms.
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The blue glow is essentially a phenomenon of the lower stages
of incandescence. Its upper limit cannot be given definitely in
degrees since it depends upon the state of activity of the oxide,
but it lies between 1000° and 1200° in the cases thus far studied.
If, as in Fig. 1, we plot the brightness of the blue of the spectrum
(.45u) of one of these oxides (MgO) between 900° and 1200° and
for comparison the brightness curve (B.B.) for the corresponding
region of the spectrum of a black body we see that the oxide
remains brighter than the black body until a temperature of about
1200° is reached. It is this excess of radiation above what even
a perfect radiator such as the ideal black body is capable of produc-
ing by virtue of its temperature alone which constitutes the effect
in question.

— 30

/0

foo° /000° 1100° 1200°

Fig. 1. Blue glow of magnesium oxide, 900° to 1200° C

The lower limit of the blue glow is the temperature threshold of
visibility. For the lowest temperature at which we can observe
we get the maximum value of the ratio between the brightness of
the glow and that of a black body of the same temperature. This
ratio may be denoted as I,/I,.
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In Fig. 2 are plotted curves for this ratio for several oxides.
Such a diagram, to this scale, indicates nothing of the phenomena
occurring above 1000° where the values approach and often fall

5!,,.;«, He Bl Sy
(]

o, a
Beo o
o Jo x
laO .
N,d [}

— —

700° $00° goo* 1000°

Fig. 2. Ratios of luminescence to black body radiation for several oxides
below 1000° C

below unity. Still less can the ratio for the red of the spectrum
be thus depicted. The figure shows, however, that:—

(1) The curves for the various oxides are similar as to type.

(2) In no case is there an indication of an approaching maxi-
mum in the direction of lower temperatures.

(3) The temperature range within which the brightness of the
blue end of the spectrum, to which these curves apply, falls to
values of the same order as the corresponding intensity of black
body radiation is nearly the same for all these oxides.
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With logarithms of the intensity ratios as ordinates, we can
bring the entire range of temperatures over which measurements
were made into one plot and compare the changes occurring in the
intensity of the red end of the spectrum with those in the blue.

Figure 3 contains such curves for magnesium oxide and these
are quite typical of all the substances thus far investigated.

L alix3.
Jw f ralisy
/V/ 9, 544;4-4-
—+2
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/1"5“\ —;—\—”—ﬁ—&-“
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Y 800" 1000° /200° 1800°
Ll ' 1

Fig.3. Logarithmic curves for blue glow (.45u) and temperature-radiation (.65u) of Mg O

The characteristics common to all are as follows:—

(1) The luminescent outburst, with certain exceptions to be
considered later, does not involve the longer wave lengths.

(2) The radiation in the red which, at the lower temperatures,
is probably all temperature-radiation, rises from very small inten-
sities and approaches the falling values for the radiation in the
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blue. Thus the oxide in passing from 600° to 1200° goes over
from a body exhibiting blue luminescence and almost no tempera-
ture-radiation (for MgO less than a thousandth of that of a black
body) to a body radiating almost nonselectively by temperature
 alone with a radiating power of the same order as that of the

black body.

(3) The logarithmic curve is approximately linear up to the
point where temperature-radiation supplants luminescence (1000°

to 1200°). The curves for the ratio !I-" in Fig. 2 are, then, exponen-
bb

tial curves, warped sometimes by changes due to fatigue during
the run and rendered more or less irregular by failures to com-
pletely control the conditions.

(4) When temperature radiation has supplanted luminescence
(at from 1000° to 1200°) the logarithmic curve tends to become
horizontal; indicating that the effect of temperature is now that
expressed by the usual equation for black-body radiation.

(5) The knee of the logarithmic curve affords a criterion for
the change to temperature-radiation and thus serves to locate
the upper limit of the blue glow. Comparing Figs. 1 and 3 we
should conclude that luminescence did not altogether cease at the
crossing of the curves at 1200° but continued slightly beyond to a
point at which the normal radiating power by temperature had
been reached. (Say at 1260° for MgO in the experiment which
these curves illustrate.)

The foregoing paragraphs describe the blue glow as though it
were the only form of luminescence occurring above the red heat.
More frequently than not there are, however, other manifestations
of luminescence within the range covered by our experiments.
These either modify or supplant the blue glow at temperatures
below 1200° or succeed it when the oxide is still further heated.

Outbursts of luminescence at higher temperatures characterize
several of the oxides already described notably, CaO, BeO and
Si0;. In silica, as may be seen from Fig. 4, in which the ratio
curves for .45u and .65u between 1000° and 1600° are plotted,
we have such an outburst. In this cut ordinates are magnified
one hundred times as compared with those in Fig. 2. The hori-
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zontal line, of intensity equal to unity, represents the brightness
of the black body at the wave length and temperatures in ques-
tion.

This luminescence, expressed in terms of ratios, appears quite
insignificant when compared with the blue glow of silica which at
600° is represented by a value for I,/I,, of over 400 as against
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Fig.4. Luminescence of SiO, at 1400° C

3.1 for the outburst at 1400°. Since, however, the intensity of
the black body radiation which forms the denominator of this ra-
tio increases according to the usual radiation law, we find the
luminescence at 1400 degrees to be about 300,000 times as bright
as the blue glow at 600 degrees and nearly 40,000 as great as the
latter at 700 degrees. This high temperature outburst differs
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from the blue glow also in that a greater portion of the spectrum
is involved. That the red end at .65 is considerably affected is
evident from the curve for that wave length.

Modifications of the blue glow itself occur in several of the sub-
stances which we have examined. When cerium oxide for exam-
ple is heated and its spectrum studied, we find excess radiation at

J
A# Cel,
Jop Lumiscince bolor t00°€

~—,

nos* 7600°
1:\L‘ L - A i | ¢

Fig.S. Luminescence of cerium oxide below 1000° C

the lowest stages of incandescence. The phenomenon differs from
the blue glow in that the red and green become visible before the
blue and in that the ratio I,/I; rises in value to a maximum, at
about 800 degrees. (See Table 4 and Fig. 5.) The blue is less
strongly involved than either red or green and the brightness of
the red instead of starting with almost infinitesimal values is
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nearly nine times great at 700 degrees as the corresponding region
in the spectrum of the black body.

TaBLE 4
Modified Blue Glow in Cerium Oxide
Brightness at Various Temperatures
Temp. Twe -
C Io lo/[u
O5u S0u A5u .65u .S50u 45u

702° 00045 .0040 0017 8.95 472 |.........
735° .00123 0349 L0403(. ... 28.3 326 |.........
837° .0246 .092 1.21 .370| 28.2 49.5 15.2
260° 419 4.92 6.53 3.02|17.7 15.6 721
1037° 1.95 13.9 15.3 13.7 7.12 7.85 3.09
1097° 5.93 28.3 21.4 15.2 4.78 3.63 2.55
1145° 132 69.5 53.2 25.4 5.25 4.02 1.91
1190° 26.6 133. 133. 11.7 5.02 5.02 0.4
1263° 76.7 334, 304. 1.1 4.34 3.95 144
1328° 178. 596. 519. 254 3.34 2.91 142
1394° | 380, 633. 095 87.9 1.58 1.69 227
1462° | 828. 783. 887. 113. 0.95 1.07 .136
1527°  [1602. 1319, 1109. 423. .813 | 0.684 .260
1580° 2690, 3304. 1514. 656. 1.23 0.562 244

Here then is a luminescent glow which at 800 degrees is com-
posed approximately of one part blue, two parts red and three
parts green, not in energy units but relatively to a nonselective
radiator of the like temperature.

Without going further into details in the present paper it may
be stated that the blue glow and other similar instances of lumi-
nescence at high temperatures occur in bodies which have the
following characteristics.

(1) They are inactive under excitation by light or by the X-rays.

(2) They are, however, in general, excited to luminescence in the
kathode tube. (3) In many cases they are sensitive to flame
excitation.

(4) Like other luminescent substances they are white, or nearly
0, i.e. transparent to most portions of the visible spectrum.

(5) They are of necessity highly refractory.
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The luminescence of incandescent bodies is subject to fatigue.
It is in the highest degree affected by previous heat treatment of
the material; it is in some cases destroyed by fusion of the oxide;
it is dependent on the mode of heating, being much more intense
where an excess of oxygen is present than where there is a defi-
ciency.

" Finally it appears to be a phenomenon of instability associated
with and perhaps dependent upon changes of the conditions of
equilibrium. Thus all the oxides which exhibit the blue glow are
in transition, within the temperature range in question from a
condition of almost infinite electric resistance to one of semi-
metallic conductivity and this change is accompanied by the well
known profound modifications in optical properties, radiating
power etc. Again the outburst of luminescence in silica at 1400
degrees occurs at the transformation point of quartz and is pre-
sumably intimately related to that change.

The most promising view at the present moment would seem to
be that this form of luminesence like many well known forms at
lower temperatures is the result of oxidation.

During these transitional conditions it would appear that a
partial reduction takes place through the agency of the hydrogen
of the flame and that this is immediately followed by oxidation,
the two opposing processes going on in rapid alternation.

PuysicAL LABORATORY OF CORNELL UNIVERSITY,
OCTOBER, 1921.



THE SIGNIFICANCE OF THE !4 TERMS IN SPECTRAL
SERIES FORMULA

BY
PauL D. FootE and F. .. MOHLER*

Sommerfeld! from his mathematical derivation of the empirical
Ritz equation concluded that the ratio of the constant a* for the
enhanced spectrum of an alkali earth to the constant a for the arc
spectrum of the alkali of next lower atomic number should be
a*/a=2.

Fues? showed that this relation was approximately true only
when to m were assigned the values 1.5, 2.5 etc. in the ms and
m © terms. The ratios thereby obtained for the elements Mg/Na,
Ca/K, Sr/Rb, Ba/Cs, are 2.9, 2.2, 2.6, 2.1 respectively. The
mean value is 2.45 + 129, average deviation, or a positive average
deviation from 2 of 227,

In spite of these large variations Sommerfeld? later affirms that
the “atomic field constant s gives the deviation from half numbers
rather than from whole numbers.”

The constant ¢ by Sommerfeld’s derivation takes the following
form, to terms of the first order.

(27)Am?e%kc,
a= -—nsF—' ................... (1)
“ =i Z=B)at ... @)

where k=1 for arc spectra, k=2 for spark spectra, a, is the
diameter of the ring of electrons surrounding the nucleus, and »n
the azimuthal quantum number. Sommerfeld assumed that ¢,
remained constant for any pair of elements. However, with the
same number of electrons in a ring, the diameter of the ring
decreases when the charge on the nucleus is increased. If this
* Published by permission of the Director, Bureau of Standards.
Nk2
[m+a+a(m,a) |t

1 Sommerfeld Atombau, 2nd Ed. p. 506. (m,a) =

2 Ann. d. Phys. 63, p. 1, 1920.
3 Ann. d. Phys. 63, p. 238, 1920.
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factor is considered we no longer obtain a* = 2a, although the ap-
proximation is closer when a large number of electrons are as-
sumed in the same ring. For 50 electrons in a ring a* =1.8a.

As a little better representation, however, of actual atomic
conditions we shall consider two coplanar rings, the inner ring
containing p electrons, the outer ring ¢ electrons and around
the whole the quantized coplanar orbit of the single remain-
ing valence electron. The azimuthal quantum number for the
inner ring is 1 and for the outer ring 2. On carrying through
the derivation for the case of two rings, exactly as Sommer-
feld’s except that we consider the effect of the nuclear charge on
the radii a, and a: of the rings, as follows:*

1%a,, 2 g
aQ = Qdg= ————
Z=s, (Z—-p—s)
we obtain eq (3) for the general relation between a* and a.
? + 169
o _ 2 =)t T g+2-s)’ (3)
a 16q '

?
Z-s)’ + (g+1-s3)’
Here Z* and Z are the atomic numbers of the alkali earth and al-
kali respectively and s, and s, are the nuclear defects of the rings.
The following table gives the values a*=@& and a =s, as far as
known, for the alkali earths and the alkalis, empirically deter-

& and s terms for integral m

a*/a
q Element | @¢*=® | Element | a=s obs. comp.
8 Mg .93 Na .65 1.43 1.48
8 Ca 1.20 K .82 1.46 1.49
18 Sr 1.32 Rb .81 1.63 1.66
18 Ba 1.4 Cs .95 1.50 1.66
Av. dev. =49,

4 Sommerfeld Atombau, p. 258. as=radius of hydrogen atom.



56 FooTE AND MonLER [J.0.S.A. & R.S.I., VI

mined for integral values of m. They accordingly contain the
quantity 14 ordinarily considered as belonging to m. Column 6
gives the ratio a*/a obtained from these data and column 7 the
ratio computed by eq (3).

The average deviation of the computed values of this ratio
from the observed is only 4C¢ in contrast with 229} found by
Fues. This fact would seem to indicate that to m should be
assigned integers for the ms and m & terms, as is the case with the
mp, md and mb terms. To an approximation (3) may be written

(-1:_2 (q+] _sq)z
a (g+2—s,)*

It may be noted that by assigning various integers to ¢ and in some
cases by using more rings, these equations may be manipulated to
give fairly close values of a and a* as well as of their ratio. In
the above, however, we have employed the generally accepted
numbers for ¢, and the distribution of inner rings does not mate-
rially affect the ratio a*/a.

Conclusion: The frequently expressed opinion that the half
integral values of m in the ms terms have some mysterious signifi-
cance is not founded upon sufficient reason. The simple physical
conceptions of the quantum theory suggest that m should be an
integer and in the present note as good evidence is offered con-
firming this viewpoint as has been advocated to the contrary. -

BUREAU OF STANDARDS,
Dec. 6, 1921.



THE DISPERSION OF GLASS
BY
T. SmitH

The circumstances during the war which forced America to
manufacture the optical glass needed for her own use have led
to the appearance of a number of interesting papers in which the
properties of glass are discussed. Among these are some con-
cerned with dispersive relations, for the representation of which
various formulas have been proposed. In these discussions a very
satisfactory expression due to Conrady has been overlooked,
though less good suggestions have been considered. According
to Conrady! the dispersion may be regarded as a linear function
of A1 and \-"2. A graphical demonstration shows that there is
little room for improvement on this formula. In an investiga-
tion? based on the figures of the Jena catalogues the indices —0.91
and —3.4 have been found by the present writer. The final
formula is

~0.9l_x3.9l
p—up=1{.226(pup— pc)+B(up—1)} <5503
AT =X
X-SA —Xi)“
+ L7740 —Blup— Dl a e (1)

where 8 is .0062 for normal glasses, and assumes a slightly lower
value for telescope crowns, and a slightly higher value for tele-
scope flints. Neglecting variations in 8 the formula may be
regarded as a special case of the type '

I’ =a([£p—[.tc) +pr+C, ..................... (Z)
the particular assumption being b+c=1. Another member of
the same class has been investigated by Wright® whose assump-
tion is b=1. . As these two cases lead to divergent conclusions on
the possible properties of achromatic lenses it is hardly super-
fluous to investigate the matter closely and particularly to deter-
mine which assumption fits the facts most closely as far as these
are known.

1 Monthly Notices R.A.S. 64, p. 458.

2 Trans. Opt. Soc., 27, p. 9.
3 Jour. Opr. Soc. AMER., S, p. 389.
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If a number of glasses satisfy (2) with the same values of a, b, ¢
for given lines of the spectrum, a thin lens built up of such glasses
will satisfy the relation

x—kp=a(xr — xc)+®—1)kp+(d+c—1)R
where « is the power of the complete lens and R the sum of the
total curvatures of its components. If the lens is achromatic
for C and F complete achromatism (absence of secondary spec-
trum) may be attained in one of three ways
I b=1, c=0
I;m bd=1, R=0
R b—1

(III? KD- b+c—1
Of these (I) may be ruled out at once since if these conditions
fitted the actual facts the removal of the ordinary chromatic aber-
ration would necessarily eliminate the secondary spectrum also.
According to (IT) if Wright’s assumption is correct the secondary
spectrum can be removed by a suitable choice of glasses, the cri-
terion being that if these are arranged to form a thin cemented
system the curvatures of the first and last surface should be equal.
This condition can be readily attained with three normal glasses
provided they do not in addition to (2) satisfy a common relation
of the type

Ap=pr —pc=dup+e

a relation which will certainly not be satisfied if the choice falls
upon a crown and a flint of the ordinary silicate series together
with a dense barium crown. For if an achromatic combination
of three such glasses of given focal length is constituted of ele-
ments of powers «x;, &2, «; another combination having these
same properties may be built from

(1_1 M1 1 Y 1
xi+) w o) eI\ xs+] —

and the change in the total curvature due to the alteration is

 (pa—pa)Apr+ (us— 1) Ape+ (p1— pe)Aps
J (=1) (ua—1) (ma—1)




Jan., 1922] THE DISPERSION OF GLASS 59

which must be finite under the condition just given. A value
may be given to j which will enable the known total curvature of
the original system to be removed, and the system should then be
free from secondary spectrum. That reasonable powers may thus
be secured for the components may be seen from a rough example.
If the crown hasanindex 1.5, and the other two lenses the common
value 1.625, the dispersions will be approximately in the ratios
7: 11: 17. The three conditions are obviously satisfied if the
powers are given by

K1 K2 K3

(ii—1) (Aps—Bps)  (pa—1) (Aus—Au1)  (ps—1) (Api—Aus)

K

- w1(Ape— Aps) + pa(Aps— Apr) + us(Apr— Aps)

or in this case

bl K2 _ ks _ K

-12 25 -—10 3
values by no means unattractive for an apochromatic objective
constructed from normal glasses.

As an actual example using typical glasses from the Jena list
of the three types mentioned let numbers 0.2188, 0.5799 and
0.93 be chosen. For x=1 the total curvatures of the elements
are

—8.3734 14.3648 —5.9914
giving for the various spectrum lines the following powers for the
complete lens

A’ ~0.9990
C 0.9997
D 1.0000
F 0.9997
G’ 0.9975

The differences here are of the same order of magnitude as those
of an ordinary doublet, and the conclusions to which Wright’s
formula would lead are not realized.

Condition (III) gives a solution only if ¢ is a constant multiple,
as the colour changes, of 1 —b.. The value of a solution depends
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upon the sign and upon the magnitude of the constant multiplier.
In the special case, b+c =1, the removal of the secondary spec-
trum becomes impossible. A decisive contradiction is therefore
involved in the apparently small difference between the two cases
b=1and b+c=1, and an appeal to known reliable measurements
must be invoked to decide which is more closely in accordance
with the facts. It seems preferable under the circumstances to
quote figures compiled by independent observers, and the com-
parison below is based on the figures of Jena catalogues. The gen-
eral experience of manufacturers who have relied on these values
for the construction of apochromatic as well as of ordinary achro-
matic systems affords an indication of their accuracy. The cor-
rections which must be applied in the fifth decimal place to the
indices calculated by each formula to give the catalogued figures
are given in Table 1.

A glance at these figures indicates that on the whole the resid-
uals in the columns headed b+c=1 are distinctly the smaller.
The distribution of these residuals is given in Table 2. In com-
piling the latter table the last four glasses, which have indices
exceeding 1.7, are left out of account as they are of no interest
for the construction of optical instruments such as are now con-
sidered. The most notable differences in the two sets of correc-
tions are in those applicable to the G’ line. While the corrections
for the case in which b+c¢=1 form a reasonably compact group,
those for b=1 are widely spread, and the figures relating to the
extreme barium crowns form a detached group at one end. From
the figures summarising the whole position at the end of the
table it appears that each formula is a good fit of its kind, and that
while in the central region of the spectrum and at the red end the
assumption b+c=1 leads only to slightly greater accuracy, the
superiority of this formula over the alternative b=1 becomes
very pronounced at the blue end. In particular Wright’s formula
fails for the dense barium crowns.

When glasses too unstable to be listed as general types are con-
sidered, it is found that one formula is better in some cases, the
other for other types. Phosphate crowns and dense borate flints
are better represented by b+c=1, while barium phosphate
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TasLE 1
Fifth Place Corrections Required to the Calculated Indices for Schott Glasses, List Dated
1913
Spectrum Line A’ Cand F G’
Formula b=1 btc=1 b=1 b4c=1 b=1 b+c=1
Glass | Descrip-
Type No.| tion
6781 Fc +4 -1 +2 0 +11 +3
6500 “ +6 -2 +2 -1 +13 -1
2188 BSic +3 -1 +2 0 +10 +2
7185 Fc +7 -2 +3 0 +15 0
802 BSic 0 -5 -1 -3 +2 -6
3199 UVec -2 =5 -1 -2 -1 -6
3832 BSic -1 -3 +1 0 -1 -2
144 “ +3 0 +1 -1 +7 -2
3848 “ —4 =5 -1 -2 +3 -1
599 «“ +2 -2 —1 -2 +5 -2
3512 “ -5 -5 +1 +1 +1 -2
57 c +7 +3 +1 -1 +7 0
3390 BSic +5 +1 +3 +1 +10 +3
6367 “ -1 -6 +1 -1 +3 -5
2122 Bac -2 +5 —1 0 -9 -1
337 c +2 0 +1 0 +8 +2
4817 “ +7 +1 +2 0 +9 0
6223 v +3 0 +1 0 +6 -1
3453 “ +7 +4 +1 0 +3 -1
546 ZSic +2 -1 +2 0 +6 -1
60 c +4 +1 +1 0 +6 0
138 “ +4 +2 +1 0 +5 +1
4125 “ +3 +1 +1 0 +5 +1
6634 “ +3 -1 +1 0 +6 0
567 “ +3 —1 +2 0 +9 +1
227 BaSic +3 +3 0 -1 0 -3
2118 c -1 =5 +1 0 +11 +4
3712 Bac -7 +1 -2 0 —-11 0
203 c +3 0 -1 -2 +35 -1
2071 Bac -8 +1 -3 -1 -1 *0
2164 c +6 +1 +3 +1 +12 +4
15 ZSic +1 —1 0 -1 +2 -2
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TABLE 1—Continued

Spectrum Line A Cand F G’
Formula b=1 btec=1 b=1 b+c=1 b=1 b+tc=1
Glass | Descrip-
Type No.| tion
21 Ba Sic +2 +7 -1 0 -4 +1
3376 c +4 0 +2 +1 +7 0
3551 ZSic +1 -3 +1 -1 +8 0
1209 Bac -6 +3 -3 0 —-12 0
5970 “ -6 +4 -3 0 —14 -2
114 c +9 +4 +2 0 +8 0
2994 Bac +2 +11 -1 +1 -12 -1
1615 «“ -5 +3 -2 0 -1 0
7550 Ba f 0 +1 0 0 -3 -1
3961 Bac +2 +10 -2 +1 —-12 -1
7336 Ba f +1 +3 0 0 -4 -2
3248 Uv i +4 +2 0 -1 +3 -2
463 Ba f 0 +1 0 0 -1 0
5878 Bac -5 +3 -1 +1 -11 0
608 c +10 +4 +2 0 +8 0
4679 Bac -5 +4 -1 +1 -11 0
722 Baf -1 +2 -2 -1 -7 -2
5799 Bac -5 +4 -2 +1 —-13 -1
602 Baf +1 +2 +1 -1 -2 -2
846 “ +2 +3 0 +1 +1 -2
3439 Tf -3 -8 -1 -2 0 -7
381 c +7 +2 +2 +1 +7 0
583 Baf +2 +3 0 0 -3 -2
152 Sig +4 +1 +2 0 +6 0
543 Ba f +2 +2 0 0 0 0
527 “ +4 +6 +1 0 -1 0
3338 Tf -2 -5 -1 -2 -3 -7
2015 Bac -3 +3 0 +1 -8 -2
575 Ba f +2 +3 +1 +1 -1 0
522 “ +4 +2 +2 +1 +4 +1
7821 BSif —4 -4 0 -1 -3 -4
726 f +4 0 +1 0 +3 —4
6241 “ 0 -2 +1 0 +2 -2
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TaBLE 1—Continued
Spectrum Line A’ Gand F G’
Formula b+1 b+¢=l b=1 b+[=l b=1 b+c=l
Glass | Descrip-
Type No.| tion

578 Ba f +2 +3 0 0 -3 -2
378 f +5 +1 +1 0 +5 -1

6296 “ +2 -1 +1 0 +1 =2

1266 | Baf -1 +1 -2 0 -6 -1
154 f (] -2 -1 -1 +1 0
316 “ 0 -2 +1 0 +4 0
276 « 0 -2 0 -1 +7 +6
569 “ -1 —4 0 0 +4 +1
340 “ +1 -1 0 0 +2 0
184 “ 0 -1 -3 -3 -5 -4
748 Baf +6 +9 0 +1 -3 +1
318 f -1 -2 0 0 -1 -1
118 “ +1 -1 -2 -2 -3 -2
167 “ -2 -3 -3 =2 -3 =2

3269 Ba f -3 +1 +1 +2 +1 +8
103 f -1 -1 -2 -1 -2 0

93 “ 0 0 -4 -3 —4 -2

6131 «“ +3 +2 +1 +1 +2 +3
919 “ +S5 +5 0 +1 +4 +7
385 “ +4 +3 -3 -2 -1 +3
102 “ -1 0 -3 -2 -2 +3
192 “ 0 +2 -3 -1 -2 +5

41 “ +1 +35 -1 +2 +2 +13

113 “ +8 +11 0 +3 +4 +16
165 “ +8 +11 0 +3 +8 +21
198 “ +5 +11 +1 +5 +16 +32

crowns and light borate crowns leave smaller residuals with b=1.
In the case of very dense flints neither formula is satisfactory;
which is better depends upon the presence or absence of boric acid
as a constituent of the glass.



(J.O.S.A. & RS.I., VI

T. SMITH

64

TABLE 2
Analysis of Residual Corrections
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A formula suggested by Nutting* requires less detailed con-
sideration. He proposes a particular case of the type

1
—— =A+B)\°
u—1
It is easy to show that no such formula can be applicable to glasses
in general. For it involves among other relations the particular
relations
’»P— “ -_— 1
B Be B =/, a constant
pe— pF pa—1
and

Be— bo pc— 1

=g, a constant
Me— pr po—1

If the three partial ratios

BT My HpT Ky KT Mg
’
KC— BF HC— HF hc— My

which are quoted in manufacturers’ lists are denoted by p,, p,
and p, respectively the above relations may be expressed as

v—py
Ptpe=t=l,
and
_ .1’+P2+P3
ps=¢g vt pa—1

Now normal clear glasses vary regularly in their partial dispersions
from the fluor crowns with values such as

¥=69.9, p,=.662, py=.700, p;=.552
to the dense flints with such values as

v=32.0, $1=.597, pa=.T17,  ps=.615.
Over this range

p1+p2—1 decreases by 139,
and
s increases by 11¢5

¢ Jour. OpT. Soc. AMER., 2 and 3, p. 61.
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-
On the other hand ; zl falls from .981 to .960, just over 2%,
2
and iﬁ-%j_%' rises from 1.022 to 1.065, rather more than 39}.
.—

It is clear from these figures that no formula of this class is of gen-
eral interest in connection with optical glass.

OpTICs DEPARTMENT,
NATIONAL PHYSICAL LABORATORY.



INSTRUMENT SECTION

THE CRYSTELLIPTOMETER
AN INSTRUMENT FOR THE POLARISCOPIC ANALYSIS OF VERY
SLENDER BEAMS OF LIGHT '
BY
LE Roy D. WeLp
I. INTRODUCTORY

The determination of the elements of elliptic vibration of light,
which has been transformed from a condition of plane to one of
elliptical polarization, is found to reveal so much concerning the
optical nature of the agencies effecting the transformation that it
becomes a matter of considerable importance to be able to make
such measurements with reasonable accuracy. It so happens that
the ordinary methods, which are employed for the elliptical analy-
sis, and most of which are too well known to need setting forth
here, require a fair breadth of field, and would therefore not easily
apply, for example, to a ray passing through a pin-hole.

The research presented in this paper had its origin in a problem
suggested to the writer some years ago by Dr. L. P. Sieg, and was
begun in 1915. It has been carried out at Coe College by means
of apparatus, much of which was kindly loaned for the purpose by
the University of Iowa.

Various investigators have attempted to obtain the optical
constants of metals and other opaque substances by reflection
methods, with indifferent success. It appears certain from the
research of Tate! that the difficulty has been due, not to lack of
precision in the analysis of the elliptically polarized light reflected
from the opaque surfaces, but to the variation in surface condi-
tions, brought about by the polishing process, which modified
the nature of that light. Thus it was found impossible to prepare
two mirrors of the same kind of metal, even by the same process,
which would give consistent results, while different measure-
ments, and even different kinds of reflection measurements, on

! Tate, Phys. Rev., 34, p. 321, 1912,
67
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the same fresh surface, gave good agreement. Dr. Sieg’s suggestion
was that opaque crystals, with their natural, unpolished facets,
might be prepared of such surface purity as to obviate this diffi-
culty, and at the same time furnish material for an interesting
. experimental research in crystal optics.

Comparatively few large opaque crystals can be obtained in
perfect form. Drude? made some experiments long since with lead
sulphide, and Miiller* subsequently, with antimony sulphide,
freshly exposed by cleavage, employing ordinary polariscopic
methods. In 1916 the writer made a preliminary report* on the
present research, which had already given unmistakable evidence
of strong double refraction in minute hexagonal selenium crystals,
and at the same meeting,® Dr. Sieg reported having found by
direct photometric measurements that the selenium crystal has
two different reflecting powers in the two principal directions. Mr.
C. H. Skinner has given an account® of his interesting observations
on selenium, using the ordinary Babinet compensator method,
from which he concluded that the crystals, like artificially prepared
surfaces, have in some respects their individual peculiarities, espe-
cially in the longitudinal direction.

The method adopted by the writer was presented to the Physical
Society in 1917 but was published only in abstract” at that time,
the research being then still in progress. It is applicable not only
to the polariscopic analysis of light reflected from polished plane
surfaces of any sort, however small (such as minute spikelets or
flakes of selenium, tellurium, cadmium, etc.), but to light in slen-
der beams from any source. Its application has recently been
suggested, for example, to the comparison, from point to point,
of the optical properties of metal film-deposits of non-uniform
thickness. Furthermore, being a photographic method, it is
adaptable to the ultra-violet, and the apparatus was designed
with this in view. Its original application to crystal-reflected,

* Drude, Ann. d. Physik, 36, p. 532, 1889.

3 Miiller, Neues Jahrbuch fiir Mineralogie, 17, p. 187, 1903,
¢ Weld, Proc. Iowa Acad. Sci., 1916, p. 233.

s Sieg, Proc. Iowa Acad. Sci., 1916, p. 179.

¢ Skinner, Phys. Rev., N.S. 9, p. 148, 1917.
7Weld, Phys. Rev., N.S. 11, p. 249, 1918.



Jan,, 1922] THE CRYSTELLIPTOMETER 69

elliptically polarized light is what suggested to the writer the name
“crystelliptometer” for the distinctive apparatus employed.

II. PriNcIPLE OF THE PoLARrIScoric METHOD

As regards the polariscopic analysis itself, the method employed
is a modification of that used by Voigt for the study of polarized
ultra-violet. The principle is stated in Voigt’s original article®
and a more detailed account given by Mr. R. S. Minor® who
applied it to artificially polished mirrors of steel, copper, silver,
etc. A non-mathematical statement of the original method will
first be given.

Let us have a uniform parallel beam of elliptically polarized
monochromatic light; to determine the two elements of the elliptic

a
vibration, which may be taken as the ratio r = b—of the X to the V

amplitude, and the phase advance V of the X ahead of the ¥
harmonic component (either positive or negative).!

C Y

Fig. 1
Cross hairs and quartz wedge systems. X} reticule. €, compensator, R, rotator
This beam first passes through a pair of quartz wedges similar
te a Babinet compensator, except that they are fixed with refer-
ence to each other (C, Fig. 1). The edges are, let us say, vertical,
that is, parallel to the ¥ direction. As we now face the oncoming
* Voigt, Physik. Zeitschr., 2, p. 203, 1901.
* Minor, Ann. d. Physik, 10, p. 581, 1903.

19 The reason for here using the inverted V¥ instcad of the customary A will
appear later (Sec. VID).
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light and move across the emergent beam from left to right, we
encounter a steady increase in the phase advance, so that, whereas
the light through the center of the compensator has phase
difference V (the same as the original light), that at distance x
from the center has phase difference V +sx, where s is the com- -
pensator constant in degrees of phase per millimeter. Periodically,
therefore, we shall come to regions of light plane polarized at some
angle, viz., where V+4sx =0, r, 2r, . .

Y

(-]
= .
T/ IANN=— NN I\ /

Showing action of rotator on a strip of plane-polarized light

The next optical member is another pair of wedges, which will
be called a rotator (R, Fig. 1). This consists of a wedge D of right-
handed, and one L of left-handed, quartz, the optic axis of each
being along the path of the light. It is easily seen that if the
light entering the rotator be plane-polarized, it will suffer a net
rotation of plane which will be the greater, the higher the point
at which it traverses the two wedges. This rotation may be
designated by gy, ¢ being the rotator constant in degrees of azi-
muth per millimeter.

To an observer facing the light as it comes from the rotator,
any one of the periodic vertical ribbons of plane-polarized light
from the compensator will have been acted upon by the rotator as
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shown in Fig. 2. Therefore as we traverse this emergent beam
vertically along any one of these plane-polarized regions, we shall
encounter, at intervals, light vibrating vertically, and half way
between these, light vibrating horizontally (V and H, Fig. 2).
Finally, let the beam be passed through a Nicol set so as to
extinguish, say, the vertical component. Obviously, wherever we
had in one of these plane-polarized strips a point of vertical
vibration, we shall now have a black spot. The field will then be
covered with black spots arranged in a regular pattern of vertical
columns and horizontal rows, the exact design of which will
depend upon the elements of the original elliptic vibration. Con-
versely, these elements may be easily deduced from the observed
arrangement of the spot-pattern. There is introduced into the

Y

Fig. 3
Spot-pattern for elliptically polarized light reflected from nickel. (Enlarged.)

field a pair of cross hairs corresponding to X and ¥ axes and
coinciding with the neutral lines of rotator and compensator,
respectively. This reticule is photographed along with the spot-
pattern and the coordinates of the spots determined by subsequent
measurements on the plate. Such a spot-pattern, with the cross
hairs, is shown, enlarged, in Fig. 3, in which the elliptic polariza-
tion was produced by reflection from nickel.

The equations relating to the processes just described, and
the practical deduction of the elliptic elements therefrom, will be
worked out in subsequent sections of the paper.
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III. ADAPTATION OF THE METHOD TO SLENDER BEAMS

The above procedure, as followed by Voigt and lothers, ob-
viously requires a beam of light whose cross section is large enough
to cover the entire spot-pattern, and hence would not be adapted
at all, for example, to light reflected from one facet of a small
crystal. The writer’s modification of it consists simply in keeping
the very slender parallel beam, so reflected, stationary, and mov-
ing the whole analyzing system of quartz wedges, cross hairs,

Nicol and camera back and forth perpendicularly across it, with
AZIMUTH Cl.CL¢7

® CIRCLE

Fig. 4
Diagrammatic layout of apparatus. S, source. M ,g monochromator. L,, N, collimator and polurizer.
K, reflecting surface mounted in front of drum D. X %0
E, crystelliptometer
a sort of weaving motion, until the whole spot-pattern hasibeen
covered. The effect is the same as if the beam had a cross section
as large as the field thus traced out. Whenever any point of the
analyzing system corresponding to one of the dark spots arrives
at the beam, the latter is extinguished thereby, and the spot is
left on the plate. In practice it is not necessary to cover the whole
pattern, but only the regions of it in which the rows of spots are

known approximately to lie; and this fact saves much time.
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The assemblage of optical parts, which is given the lateral
motion just described, together with its mountings, considered
as a single instrument, is what has been referred to as the
“crystelliptometer.”

The arrangement of the writer’s apparatus for the study of
crystals is shown in Fig. 4. Light from the source S is focused
by the quartz lens L, on the inlet slit of the monochromator A/,
from whose outlet slit the monochromatic light diverges and is
collimated by the quartz lens L,. (In the earlier work, color filters
were used instead of the monochromator, and the filtered light
focused by L, directly upon the slit of the collimator.) The
parallel beam from L. is plane-polarized in any desired azimuth
by N, a large polarizing prism with square ends and a glycerine
film.

A B

Fig. §
A, spot-pattern for light reflected for selenium in parallel position. B, in perpendicular

position
The crystal or other small reflector K is mounted on a spectrom-
eter, by means of whose telescope T and verniers V any desired
angle of incidence may be secured. The mounting can be rotated
so that it is very easy to exhibit the double refraction of selenium,
tellurium, etc., the spot-patterns obtained with axis horizontal
and with axis vertical being quite visibly different, as seenin Fig. 3.
The slender reflected beam, in general elliptically polarized,
now enters the analyzing system X, C, R, N, of the crystelliptom-
eter. X represents the cross hairs, which the writer has found
it necessary to place in front of the compensator C. (See Sec. VI.)
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The compensator wedges have an angle of 52’, which gives a
relative phase change of about 144° per horizontal millimeter with
" sodium light. R is the rotator, with wedge angle 24°, which gives
a rotation in azimuth of about 16° per vertical millimeter with
sodium light. The dimensions of the field are about 15 x 30 mm.
The wedge system and ¢ross hairs are mounted adjustably in a
brass tube which screws upon the tube containing the analyzing
prism No.

N. is a duplicate of N,, the two being interchangeable. They
are rectangular prisms 15 x 30 x 30 mm consisting of Iceland spar
wedges separated by glycerine, the angle of incidence on the inter-
face being 65°. The emergent (extraordinary) light vibrates
parallel to the 15 mm dimension.

The spot-pattern and cross hairs are photographed together,
by means of the quartz lens L, upon the plate P. Behind the
plate is an eyepiece E, used in adjusting the focus and alignment
before the plate is inserted. The plates are 1 x 114 inch, with
emulsion adapted to the wave-length, and are held in a diminutive
plate holder.

The whole crystelliptometer, from cross hairs X to eyepiece E,
is contained in a tube about 85 cm long, so mounted on two pairs
of guides at right angles that it can be given the weaving motion
referred to in order to trace out the spot-patterm. This is accom-
plished by means of two micrometer screws perpendicular to each
other. One of these screws is driven by a worm-gear electric
motor me_cham'sm so as to move the instrument slowly across,
along a line determined by the other screw, the speed varying
with the exposure required. Furthermore, the whole tube, with
its micrometer mountings, can be rotated about its longitudinal
axis through any desired angle, thus varying the relative inclina-
tion of the elliptic vibration to be analyzed, with respect to the
coordinate axes of the analyzing system. The extinction plane of
the analyzer N,, which coincides with the ¥ axis, being first verti-
cal, one spot-pattern is produced. On rotatipng the instrument
through an angle 6 another is obtained, and so on; without, how-
ever, modifying in any way the actual nature of the elliptic
light under analysis. The equations used in the subsequent
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theory make provision for this arbitrary angle 6, the advantage of
which will then appear.

The source of light at first employed was an open Nernst fila-
ment, which has later been replaced by a special low-voltage
tungsten ribbon lamp. ‘In some preliminary work with ultra-
violet, an iron arc was employed.

A general view of the apparatus is shown in Fig. 6.

Fig. 6

General view of crystelliptometer and accessory apparatus

The spot-patterns are measured upon a micrometer comparator
to one-hundredth of a millimeter. The lenses were removed from
the microscope, and a pin-hole and hair-line substituted, a device
suggested to the writer by Dr. Elmer Dershem. Not a little of
the routine work consists of the p'ate measurements and their
reduction. It has been found possible, with good, clear plates, to
locate a spot by a single measurement with a probable error of
less than one-hundredth of a millimeter. A selenium spot-pattern
and the corresponding ‘‘comparison plate”’ (see Sec.VI) are shown
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together as 4, B in Fig. 7, and another similar pair, with greater
wave-length, as C, D.

The quartz lenses and wedges and the Iceland spar wedges for
the Nicols, designed by the writer, were made by Hilger of London,
as was also the monochromator; the comparator by Gaertner of
Chicago. The remainder of the special apparatus, including the
driving mechanism, was built at the University of Iowa by Messrs.
M. H. Teeuwen and J. B. Dempster, assisted by the writer.

A B C D

Fig. 7
A, selenium spot-pattern. B, corresponding comparison plate. C, D, same, with greater wave-length.
Note the greater spot-intervals

IV. OUTLINE OF THE MATHEMATICAL THEORY OF THE
ANALYZING SYSTEM

The mathematical theory of the action of the analyzing system,
as used in the writer's method, and of the determination of the
elliptic elements, will now be briefly given.!! In the notation here
used, X and Y are components of the vibration displacement of
the light, while x and y are coordinates of points of the field with
reference to the axes.

1 This is necessary for the reason that the present method departs in certain essen-
tial particulars from the original and gives rise to a different set of equations. Minor
did not, for example, rotate the quartz wedge system through the arbitrary angle 6
which makes possible the least square adjustment of the observations, and which,
as will be easily seen, also provides automatically for any difficulty due to the azimuth
of the light under examination happening to be very small, without altering that
light in any way. :
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Let the harmonic components of the elliptic vibration to be an-
alyzed, as viewed by one facing the oncoming waves, be given by
the equations

Y=bcoswt................oooiinn.. (2)

If the analyzing system by now rotated through an angle+9,
these equations are transformed, with reference to the new axes,
into

X'=acosfcos (wt+V)+bdsinfcoswt........... (3)
Y'=b cos 0 cos wt— a sin 6 cos (wt+V)......... (4)

Upon passage through the compensator, the ¥Y-component
receives an advance of phase, varying with the abscissa x of the
point where it passes through, and equal to sx. (3) and (4) then
become

. X""=a cos 0 cos (wt+V)+b sin 8 cos wt,.......(5)
Y =b cos 0 cos (wt+sx)—a sin 8 cos (wt+V +sx)(6)

Upon passage through the rotator, there is a simple rotation of
the axes of the ellipse, without further change, through an angle
gy, which corresponds to a rotation —gqy of the coordinate axes, so
that the components of the finally emergent light are

X" =a cos @ cos gy cos (wt+V)+b sin 8 cos gy cos wt
—b cos 0 sin ¢y cos (wt+sx)+a sin 6 sin gy cos (wt+V +sx).

......................................... (7)
Y'""" = (a corresponding long expression which we shall not
meed)............ .. (8)

The light now passes through the Nicol N, which shuts off
the Y-component all over the field; hence (8) is not needed.
Only X""" gets through, and this will vanish, leaving the dark
spots, at every point where x and y have such values as to render
the expression (7) equal to zero all the time, that is, independently
of the value of 2. To fulfill this condition, dividing (7) by b cos 8,

- letting §=r, expanding the parentheses containing w¢ and group-

ing the terms in sin wt and cos wt separately, we have
[—7 tan @ sin gy sin (V +sx) +sin gy sin sx
—7 cos qy sin V] sin wt
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+[tan 6 cos gy+r cos gy cos V —sin'qy cos sx
+r tan 6 sin gy cos (V +sx)] cos wt=0.
That this may be true independently of ¢, the coefficients must
separately vanish, giving
—r tan @ sin gy sin (V +sx) +sin gy sin sx —r cos gy sin V=0..(9)
tan 6 [cos gy +7 sin gy cos (V+sx)] 47 cos gy cos V —sin ¢y cos sx
I (10)
Letting tan 6 =m, expanding the functions of V+sx, and collect-
ing, these become
[m sin gy cos sx+cos gy]r sin V +m sin gy sin sx. r cos V

=singysinsx............. (11)
m sin gy sin sx. r sin V +[m sin ¢y cos sx+cos gy]r cos V
=singycossx—mcosqy............. (12)

In these equations, x and y are the measured coordinates of
any dark spot, s and g are the compensator and rotator constants,
determined from the spot intervals, and m is the tangent of the
known angle 6. Hence everything is known except r and V.

Letting
m sin gy cos sx+cos gy =H,
m sin gy sin sx =K, (13)
sin gy sin s ZL [

sin ¢y cos sx—m cos gy =P,

(11) and (12) become
HrsinV4+KrcosV=L...............cccccu... (14)
KrsinV4+HrcosV=P. . ...........cccuuinnn.. (15)

the solution of which, as simultaneous equations, gives the re-

quired elliptic elements

_V(L*+P) (H*+K*)—4 LHPK (16)
f_ Hz_K2 ...............
LH-PK '
U 17)
an V= pH_LK

It is thus theoretically possible to deduce the elements from
the measured coordinates of any single spot.
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V. APPLICATION TO SPOT-PATTERNS

If we place under examination light which is plane-polarized
at azimuth 45° so that r=1 and V =0, it will be seen from the
manner of their formation, as described in Sec. II, that the spots
will be symmetrically arranged with respect to the V-axis in
equally spaced horizontal rows. This is the condition of things
on the comparison plate, Fig. 7 B (see Sec. VI). Let the distance
apart of the spots in the rows be d, and in the vertical columns,
5 (Fig. 8). These are easily measured (see Sec. VI). The com-

pensator constant s is equal to 33—0, and the rotator constant ¢

equals li—o, in degrees per millimeter (see Sec. II).
Y
4 -rv'rt*‘v«

Y
[
!

I $

. $ 4 44 4
i X lf" ""x
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. (] ] 2
-!4!14-/'-:-:-:0..00-'0- ‘ 'y I ‘ ‘ ‘.g
T 0 <5 -4 -3 -2 4 O ¢) o *3 +9 3
Fig. 8 Fig. 9
Diagram of spots on a comparison plate, taken Diagram of spots on a pattern taken with light
with plane-polarized light at 45° azimuth elliptically polarized at phase difference

202° and azimuth 29°

If now we introduce by any means a phase difference v between
the X- and Y-components, there will be a uniform lateral dis-
placement a of the whole spot system, so that the coordinates of
the spot S, which in Fig. 8 are 0, —:—, now become a, % Then, again,
if a change is produced in the azimuth of the incident light, the
alternate rows +1, —2, etc. will be displaced vertically one way,
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and rows +2, —1, etc., the other way, through a certain amount

a, so that now the coordinates of S arex =a, v = %-{-a (a being neg-

ative). These changes are shown in Fig. 9.1
Introducing the above values of s, ¢, x, and y into (13), and

resuming m =tan 6, we get
a

H =tan0sin [45° + % 1 80°]cos[2360°] + cos[45° + § l80°],

K =tan 6 sin [45°+5:S 180°]sin [3360°],

.(18)
L =sin [45°+‘§ 180°]sin[§360°],

pP= sin[45° + i; 180°]cos[:-;360°] —tan cos[45° + l‘a 180°].

While the attention is, indeed, fixed on one particular spot S,

. . [ . <.
Fig. 9, whose coordinates are ¢ and y +a, yetin actual practice it

is expedient to make measurements on a number of spots, usually
twenty or more, and deduce the position of S from them. Refer-
ring to Fig. 9, it is clear that the abscissa of any spot in the sth
vertical column (numbered along the bottom of the figure) is

x=a +n§,
which gives
a =x—'-;d .................... (19)

By measuring the abscissas of several spots in different rows,
thus varying x and n, we obtain as many independent observa-
tions upon a.

11 If the azimuth is made 90°, rows +1, 42, rows —1, —2, etc., will merge or
dove-tail together in pairs forming continuous horizontal dark stripes. If it is made 0,
the pairs of rows +1, —1, etc., will similarly coincide. This affords a good means of
adjusting the quartz wedge system with respect to the previously adjusted analyzing
Nicol (see Sec. VI).
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Again, the ordinate of any spot in the »th horizontal row
(counted upward or downward from the X-axis) may be seen to be

y= i-(_1)"+l a—_T1=2

,
4

or a=i(—-1)”+l [y+i—14—2y 5] ............. (20)

(£ according as the row is above or below the X-axis), and we
shall have, therefore, as many observations upon a as there are
spots measured.

The averages from these observations on @ and a are easily
obtained by means of formulas depending upon the particular
selection of spots made. If the selection consists of an equal num-
ber of vertical columns on each side of the ¥-axis and of horizontal
rows above and below the X-axis (as should be the case for other
reasons), these averaging formulas become quite simple. @, a, d
and 0 being thus determined from the measurements on the plate,
substitution of their values in (18) gives the necessary constants
H, K, L, P, appearing in the expressions for r and tan V; Egs.
(16), (17), and the problem is solved so far as is possible from a sin-
gle experiment.

We may, however, expose other plates with different values of
0, obtained by rotating the crystelliptometer tube about its own
axis. This does not alter the elliptic elements, but it gives new
values of H, K, L, P. In such case, (14) and (15) may be used as
observation equations of the first degree with r sin V and r cos V
as unknowns, and we may obtain as many different pairs of them
as there are measured plates, finally adjusting them by the method
of least squares. It.has been the writer’s practice to assign a
weight to each measured plate by means of the grading method,®
each plate characteristic, such as clearness, symmetry of spots,
etc., being graded separately.

It should be stated that, except in cases where the number of spots
on a plate available for measurement is too limited for precision, a

18 Weld, A Meithod of Assigning Weights to Original Observations, Science, 50,
p. 461, 1919,
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single plate, with 6=0, is sufficient, and a vast amount of labor-
ious calculation is thus avoided. For with 8 =0 in (18), the elliptic
elements, given by (16) and (17), reduce at once to

r=tan [45°+§180°] ................ (21)

It is only with light of very large wave-length that the number
of spots in the field is likely to be so.few as to require the repeated
exposures.

VI. MISCELLANEOUS DETAILS AND SOURCES OF ERROR

The general arrangement of the apparatus as employed for
the study of opaque crystals was explained in Sec. ITI. In order
to adjust all the parts in proper relation to each other, use is
made of a sensitive cathetometer set with reference to the pier
on which the apparatus stands. By this means is secured the
horizontality of the monochromator, the collimator, the polarized
incident beam, the reflected beam from the crystal, and the
crystelliptometer tube, taken in the order named. The plane of
incidence and reflection is thus strictly horizontal, and the azi-
muth of polarization, the arbitrary angle 6, and the vibration com-
ponents X and Y are reckoned with reference to it. The crystal
is mounted on the end of a small rod in front of the dark opening
into a hollow drum,—a black body, so to speak, which makes a
perfectly dead back-ground. The mounting may be turned in a
vertical plane, and is provided with a graduated circle, so as to
give the crystal any desired angle from 0° to 180° with the plane
of reflection. The drum (D, Fig. 4) is placed on a spectrometer
prism table for adjusting the angle of incidence, as previously
explained.

Considerable trouble has been experienced with the mono-
chromator, inasmuch as no reliance can apparently be placed
upon the wave-lengths indicated by it; and furthermore, the wave-
length corresponding to any given setting is found to vary from
day to day. In all final work it has therefore been customary to
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divert the light emerging from the monochromator into a separate
grating spectrometer (not shown in Fig. 4) and compare it with
the sodium standard just before making each exposure. Another
and more serious difficulty with the monochromator is the impur-
ity of the light furnished, especially in the shorter wave-lengths.

The accurate adjustment of the focus of the collimating and
camera lenses is a matter of some importance, especially the
latter. These quartz lenses are, of course, not achromatic, and
the focus must be calibrated for wave-length. In the case of the
collimator, it has sufficed to measure the focal length for one
wave-length on an optical bench and calibrate the tube from the
known dispersion of quartz. But any inaccuracy in the focus
of the camera lens will result in displacements of the spot images
and resultant errors in the elliptic elements, so that this requires
greater precision. The method here employed is one devised by
the writer and referred to as the “offset” or ‘“broken prism”
method.* The proper focus for a given wave-length may be thus
obtained with a probable error of only one or two tenths of a
millimeter, and it is easy to calibrate the focus tube accordingly.

The need for a special precaution arises from the fact that
the spot-pattern in the crystelliptometer appears to be a sort of
virtual image lying in a definite plane. It is necessary to get
the cross hairs accurately into that plane, otherwise there will
be an apparent parallax between cross hairs and spots, and the
results will be seriously affected if the light happens to be not
strictly parallel to the crystelliptometer axis. Furthermore, the
position of this virtual plane is found to vary systematically
with the wave-length, so that the adjustment has to be made for
each wave-length used. This is accomplished by mounting the
cross hairs in a ring having a longitudinal micrometer movement
in the tube. The crystelliptometer is turned a little to right
and left with respect to the beam of light and the reticule moved
forward or backward until the parallax disappears. It has always
been found necessary, in the visible spectrum, to place the reticule
in front of the compensator, as in Fig. 4.

1 Weld, Some Precise Methods of Focu:ing'.Lenses, School Science and Mathe-
matics, 18, p. 547, 1918.
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The cross hairs in the writer’s instrument are of very fine
spun glass, their images representing on the plate the X- and Y-
axes of the spot-pattern. The ring in which they are mounted is
provided with the usual lateral adjusting screws. It is inevitable
that the reticule will get out of adjustment laterally, and for the
purpose of determining this error (which would be serious if neg-
lected), what are called comparison plates are taken at frequent
intervals, using a full-sized beam of parallel, strictly plane-
polarized light direct from the polarizing Nicol. The cross hairs
are first given approximate adjustment visually, using this light.
The comparison plate is then taken and the small errors of cross
hair adjustment remaining, amounting to a few thousandths of a
millimeter, are determined by measurements upon it and proper
allowance made for them in the reduction of other plates. If a
symmetrical pattern is selected, the adjustment of the horizontal
cross hair is really immaterial, as the true X-axis can readily be
found as the mean position of the horizontal rows of spots em-
ployed in measuring any plate.

Owing, no doubt, to slight inequality of the quartz wedge
angles, the cross hair adjustment error is found, like the parallax,
to vary systematically with the wave-length, and a new compari-
son plate must therefore be taken for each wave-length used. It
is very difficult, even with the spectrometer test, to keep the wave-
length strictly constant through a series of experiments. Curiously
enough, the most sensitive, and the final, check on wave-length
has been found to be the spot-interval d (Figs. 8, 9), which can
be measured with great precision (see below). The greater the
wave-length, the farther apart are the spots, both horizontally
and vertically, on account of the dependence of both the phase-
relation change, and the rotation, in quartz, upon the wave-
length. (See Fig. 7.) In practice, it is found advisable to
determine, by means of auxiliary comparison plates, the relation
of the cross hair error to d for light in each region of the spectrum
used, and to deduce the required correction from the measured
d on each elliptic plate.

The accurate determination of the spot intervals d and & for
each plate is an essentially vital part of the work. The most
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probable value of d can be deduced from the plate measurements
by forming observation equations from the abscissas of the spots
taken by groups in each row, and applying the simple least square
adjustment requisite to the case. This is all done very quickly by
means of a formula which is the same for all spot-patterns similarly
selected. With a symmetrical spot-pattern 8is simply twice the
mean absolute ordinate of the spots (without sign). Thus no
extra measurements are necessary for d and 8. But it will not do
to rely on the comparison plate, or any other one plate, for the
spot-intervals corresponding to a supposedly fixed wave-length,
as variations of wave-length too slight to have noticeable effect on
the ordinary properties of the light, will cause serious errors
through this means. :

When, as usual, the arbitrary orientation 8 (Sec. IV) is zero, it is
seen by Eq. (21) that the ratio r of the two vibration components
of the unknown light, which is the tangent of the azimuth, is given
in terms of a and 8. These are determined from the y measure-
ments alone. For some reason not certainly explained, it has been
found that there is a persistent error in r as deduced from the
measurements on the spot-pattern, whose value appears to be a
linear function of r itself. The error is eliminated by first finding
the uncorrected value of r from the plate measurements, and then
taking a correction pattern with plane-polarized light having
azimuth set for that value of r (which is thus accurately known).
The measurement of this plate, and the comparison of the erro-
neous value of r deduced therefrom with the true value given by
the polarizer azimuth circle, afford the necessary correction,
which sometimes amounts to as much as two or three degrees.
This must be done for each wave-length used. These azimuth-
correction plates, like the comparison plates, are taken with full-
sized beam from the polarizer and require only a short exposure.

One more detail of technique is worthy of note. It will be
noticed from Fig. 7C, for example, that on some patterns the spots
are not symmetrical vertically, but are decidedly triangular or
cuneiform, and tend to run together in double rows. This makes
it difficult to estimate the ¥ position of the spot nucleus with
certainty in measuring these plates. It will not do to bisect the
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spot with the micrometer in this direction. In order to ascertain
the location of the nucleus within the spot, the means adopted
has been to calculate, theoretically, the geometrical form of the
concentric lines of equal intensity surrounding it, taking the con-
stants from actual measurements on typical plates. The form
of these lines, derived from an application of the mean value
theorem, is
1—M—(1—=r*cos’qy

cos(V —sx) = — ... (23)
r sin 2qy

in which M is a parameter depending on the intensity along the
curve in question; for the nucleus, M =0. x and y are the coordinate

Y

Fig. 10
Lines of equal intensity about the spots of Fig. 5B, greatly enlarged

variables, and the other quantities have the same meanings as in
Sec. 1V. Fig. 10 shows the nuclei and curves corresponding to
M =0, 0.25 and 0.50 on the plate shown in Fig. 5B. With the
knowledge afforded by such a figure, it is easy to estimate with
some accuracy what point within the spot is to be aimed at in
making the measurement. The nucleus appears to represent
approximately the center of gravity of the spot area, rather than
to bisect its vertical dimension.
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VII. TYPICAL APPLICATIONS. REFLECTION FROM SELENIUM
CRYSTALS

Among the preliminary tests of the crystelliptometer and the
methods of using it set forth in the foregoing sections were the
analysis of polarized light rendered elliptical by reflection from
nickel and copper mirrors or from crystals of lead sulphide and
tellurium, or by passage through sheets of mica; and a tryout
of Fresnel’s equations for the rotation of plane-polarized light
reflected from glass. The only problem, however, upon which
serious attack has yet been made by the crystelliptometer method
is the experimental part of an extensive research now in progress
at the University of Iowa, viz., the optical laws of absorbing
crystals. The general theory of this subject was handled with
great thoroughness by Drude in his inaugural dissertation'® many
years ago, but until recently the only experimental data upon
which tests of the theory might be based have been with reference
to certain large crystals of the rhombicsystem. The unique elec-
tro-optical properties of the hexagonal selenium crystal have sug-
gested a revival of the subject, the outgrowth of which is the
research in question. The few data given below are the first final
results obtained by this method, and will serve to illustrate
it. They are summarized from a long series of measurements on
many selenium crystals, and involved the taking of nearly three
hundred plates. The instrument is now in the hands of other
observers whose aim is to accumulate information regarding
the optical properties of small crystals of various metallic sub-
stances.

Some of the finest crystals of hexagonal selenium ever prepared
were kindly put at the writer’s disposal by Dr. E. O. Dieterich,
who produced them by sublimation at the University of Iowa.
They are 2 or 3 cm long and with facets often 0.5 mm in width.
From some hundreds of these, about a dozen superb specimens
were selected and mounted for use with the crystelliptometer.
Selenium has a tendency to twist and warp, and great care had to
be exercised to select crystals with plane facets. Even with these it

¥ Drude, Ann. d. Physik, 32, p. 584, 1887.
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was usually found expedient to limit the illumination to only one
or two millimeters of length, so that an area of one square milli-
meter or less of reflecting surface was quite typical.

Much of the work was carried on at wave-lengths near the mid-
dle of the visible spectrum. The incident light was, in every case,
plane-polarized at azimuth 45°. Several crystals were tested
in both horizontal and vertical positions at wave-length 0.5u,
and at incidence angles 45° and 60°. At the other wave-lengths the
incidence angle was maintained at 60°. The wave-lengths prin-
cipally used were 0.45u, 0.50pu, 0.55u, 0.65u, and 0.704, a range
sufficient to give typical results. The wave-length 0.60u was de-
ferred to a separate research, for the reason that the data obtained
by C. H. Skinner® and others with selenium contain certain anoma-
lies near this point, while the writer’s results are strongly sugges-
tive of what, with a transparent substance, would correspond to an
absorption band, in the neighborhood of this wave-length. The
matter deserves, therefore, more minute investigation.

_--é; V.?.QQ..

P 'M'O-B?v.i;sd.- =0__

B et

Fig. 11
A, incident vibrations, plane-polarized. B, C, elliptic vibrations viewed looking witk and against the beam,

respectively
Upon experimenting with a number of crystals prepared at
different times, it was found that, with one or two exceptions, they
gave fairly consistent results, though all the crystals were several
months old when the experiments were begun. Great care, however,

" Loc. cil.
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had been taken to keep them clean and away from contact
with fumes or corrosive gases. It is quite possible that these
exceptions were due to surfaces that had in some way become
tarnished or contaminated, in spite of the precautions. After
the first trials, three crystals were selected which gave the clearest
spot-patterns, and subsequent work was confined to these. The
data in the accompanying tables are the weighted means of the
results obtained at the respective wave-lengths. It should be
stated that those corresponding to 0.70x have small relative
weight.

Elliptic Elements for Selenium Crystal at 60° Incidence

Crystal Axis Parallel Crystal Axis Perpendicular
Wave- to Incidence Plane to Incidence Plane
length
(Microns) A v A ¥
0.45 23° 1 350 22 29° 31 24° 2%
.50 11 52 34 14 27 54 23 15
.55 4 26 32 27 20 41 24 26
.65 13 54 34 12 21 49 27 7
.70 11 24 31 13 14 38 26 7

The data refer to the light vibrations as they would appear
to an observer stationed just behind, or within, the reflecting
surface of the crystal. The plane-polarized incident light vibrating
as represented in Fig. 11A, the reflected light vibrates elliptically
as in B. But as the latter is viewed through the crystelliptom-
eter, the observer, facing the oncoming reflected beam, it would of
course appear reversed, as in C. The phase difference V of Sec.
IV, which is what the crystellipometer analysis gives, applies to
Fig. 11C; while the A given in the tables below, corresponding to
Fig. 11B, is simply V minus 180°. ¥ is the azimuth angle, whose

a
tangent is the amplitude ratio 5 O’ of Sec. IV.
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Two Incidences at Wave-length 0.5 Micron

=
Axis Parallel Axis Perpendicular
Incidence
A | v A | v
45° 2 1 44° 52/ 14° ' 37° 46’
60° 11 52 34 14 27 54 23 15

The values given in the second table are capable, according
to Dr. R. P. Baker, who has recently investigated the application
of Drude’s theory to hexagonal crystals, of yielding the two sets
of optical constants of selenium corresponding to this wave-length.
It is expected that this calculation will appear in a subsequent
paper along with data from the further experimental work now
in progress.
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Fig. 12

Variations of A and ¥ with inclination of crystal, to plane of incidence, for selenium and tellurium

The above results refer only to the two principal positions of the
crystal, namely, with the axis parallel to and perpendicular to the
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incidence plane. Incidentally it was thought worth while to study
the variations of the elliptic elements with the angle of inclination
as the crystal is turned from one position to the other. Typical
results are depicted in Fig. 12 with selenium and tellurium. No
explanation is immediately apparent for the maxima and minima
occurring in both cases in the value of A, but it is hoped that the
mathematical theory may ultimately yield one. Further exper-
iments of this kind would be desirable.

In conclusion, the writer wishes to pay tribute to the “team
work’’ among the various workers at the University of Iowa who
have contributed toward the progress of the research, to one phase
of which this paper is devoted. The generous cooperation of the
staff of the Physics Department, and especially of Dr. Sieg, who
suggested the problem, is very greatly appreciated.

Coe CoLLEGE, CEDAR RAPIDS, Iowa,
OCTOBER, 1921, .



REVIEWS AND NOTICES

The Manufacture of Optical Glass and of Optical Systems. By
Lieut. Col. F. E. Wright, Ordnance Reserve Corps, Ordnance
Department Document No. 2037. pp. 309 Government Printing
Office, 1921.

Col. Wright was in charge of production and inspection of optical glass at the
plant of the Bausch and Lomb Optical Co. from April 1917 to May 1918; the Army
representative on the military optical glass and instrument section of the War Indus-
tries Board from March 15, 1918 until after the armistice; chairman of the Army
commodity committee on optical glass and instruments under the Director of Purchase,
Storage and Traffic from April 1918 until after the armistice; and in charge of Optical
Systems in the fire-control section of the engineering division of the office of the Chief
of Ordnance from August 4, 1918 to June 18, 1919. This war experience added to that
gained by many years of special optical research work fitted Col. Wright most admir-
ably for preparing, at the request of the artillery division of the Ordnance Department,
this most excellent summary of the best practice in making, inspecting and using
optical glass in America.

With the exception of a brief introdugory outline of the general manufacturing

" problem and of the progress made during the war and the concluding chapter dealing
with the lessons learned, the book is a mass of concise information relating to optical
glass; its properties, constitution, defects and utilization. Desirable and undesirable
characteristics are briefly discussed at the end of the second chapter. Chapter III on
glass manufacturing processes is the heart of the book. Raw materials, pots, furnaces,
batch composition, mixing, filling, skimming, stirring, cooling, annealing, breaking up,
molding and final annealing are dealt with briefly but adequately in rapid succession
in about a hundred pages. The three following chapters deal with the inspection of
optical glass, the manufacture of lenses and prisms and with the inspection of finished
optical parts and systems. .

The big thing about this book is that it opens wide the doors of publicity upon the
vital processes of glass making heretofore held closely secret. Dr. Wright further
turns a scientific searchlight (the phase diagram of a three component system) upon
those “‘secrets,” shows them up, brushes away the cobwebs, selects the best and dis-
courses upon them for our edification.

One cannot but be impressed with the volume and high quality of the technical
results achieved by this selected corps of able workers in a very short time. They
found the field ripe for their efforts. Optical glass of a variety of essential classes had
previously been produced at at least four or five different plants and at least two of these
were attempting quantity production. As every one familiar with manufacture
knows, the next step toward success is the establishment of rigid factory control and
inspection. This was quickly worked out and put in effect by the corps of experts
under the leadership of Dr. Day and Dr. Wright. Innumerable details of processes
had to be investigated under high pressure and the results immediately applied in
practice. Production was “over the top” in but a few months. At the time of the
armistice it was 40 tons per month (ample for our needs), of a quality equal to any
imported and fully as far within the limits of tolerance in variation of index.

92
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The reviewer offers criticisms of this admirable work only with the greatest
reluctance and in the hope that they may be of service in the preparation of a future
edition. Misprints and repetition of statements are noticeably frequent as might
be expected in a book hurriedly written from fresh notes. The historical matter
might well be omitted or better still perhaps, expanded to include an outline of
previous work in this field by Keuffel, Feil, Kerr, Duval and others in various plants,
noting that many million dollars worth of optical war instruments had been made
for the Allies in this country prior to 1917 in which American made optical glass was
used in part. The brief introductory discussion of lenses and optical instruments, pp.
16-29, appears quite unrelated to the remainder of the book. A comparison of the
effects produced by defective glass with the various lens aberrations would have been
in order. Had a hundred page discussion of war instruments been added it would have
been well worth while.

In connection with the discussion of the coloratlon of glass by iron, it would be
well to add cuts of the characteristic absorption curves of ferrous and ferric silicates
which have been carefully studied. But two dispersion formulas are noted; the
valuable Hartmann (for interpolation) and Cuthbertson formulas among a dozen
others not being mentioned. On the other hand a simple well known invariant ratio
is enlarged upon at considerable length with no mention of its simple mathematical
basis. The sections on the testing of optical parts and systems could be considerably
improved. Several of the best methods of testing are not even mentioned and limits
of tolerance in performance are neither set nor discussed as fully as might be desired.

All optical engineers will be glad to have this work in their reference libraries.
Even to the laymen it will prove very interesting. The printing is exceptionally fine,
the paper and binding good.

P.G. Nulling.

OPTICAL SOCIETY OF AMERICA

MinvuTES oF TRE ExecuTive CouncIL
Woods Hole, July 20, 1921

A meeting of the Executive Council was held at Woods Hole, Mass., July 20,
1921, with the following members present:—Southall, Forsythe, Nutting, Jones, Richt-
myer and Priest.

The following new members were elected:—

Frederick J. Bates (Regular), 1649 Harvard St., Washington, D. C.

Charles Bittinger (Associate), Duxbury, Mass.

Paul S. Helmick (Regular), Physics Department, Iowa City, Ia.

Lawrence Radford, (Associate, Transferred to Regular, Oct. 24, 1921), Bureau
of Ordnance, Navy Dept., Washington, D. C.

Fred E. Altman, (Regular) 27 Lake View Terrace, Rochester, N. Y.

John S. Paraskevopoulos (Regular), National Observatory, Athens, Greece.
Frederick C. Clark (Assoclatsu American Writing Paper Co., Holyoke, Mass.
Herman A. Holz (Associate), 17 Madison Ave., New York Clt

John C. Hubbard (Regular), New York Uriiv ersity, Umvemty Heights, New
York City.

(Karl) Wilhelm Stenstrom (Regular), University Club, Buffalo, N. Y.

E. Leon Chaffee (Regular), Cruft Lab., Harvard College Cambridge. Ma<<
Paul E. Klopsteg (Regular), 460 E. Ohio St., Chicago, 111.
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Gordon Ferrie Hull (Regular), Dartmouth College, Hanover, N. H.

Saul Dushman (Regular%, General Electric Co., Res. Lab., Schenectady, N. Y.
Hugo Fricke (Regular), Cleveland Clinic, Euclid Ave. & 93rd St., Cleveland, O.
Arthur W. Gray (Regular), 312 S, Walnut St., Milford, Delaware.

William Gaertner & Co. (Associate Corp.), 5345 Lake Park Ave., Chicago, Ill.
Charles C. Bidwell (Regular), Cornell University, Ithaca, N. Y.

Erich A. Bandoly (A<sociate), 460 E. Ohio St., Chicago, 11l

George R. Harrison (Associate), Box 863, Stanford University, Cal.

Frank Milton Gilley (Associate), 21 John St., Chelsea, Mass.

E. P. T. Tyndall (Regular), Rockefeller Hall, Ithaca, N. Y.

Archie Garfield Worthing (Regular), Nela Research Laboratories, Nela Park,
Cleveland, Ohio.

“Draft of a proposed agreement between the Optical Society of America and the
Association of Scientific Apparatus Makers of the United States, with respect to the
publication of a journal (Written July 4, 1921)” was approved viva voce after discus-
sion, Nutting and Priest having advanced arguments against the agreement. No
record vote was taken. (Copy of the draft is on file with the Secretary.)

Pres. Southall’s plans for the Helmholtz Centennial Memorial in connection with
the Rochester Meeting, Oct. 1921 were approved.
Irivin G. Priest,
Secretary

OPTICAL SOCIETY
OF AMERICA
REPORT ON AMENDMENT OF By-LAws
Washington, Oct. 20, 1921.
Iricin G. Priest, Secy.

Optical Society of America.

We, the undersigned regular members of the Optical Society of America, have
counted the votes on Amendments to the By-laws as proposed on the attached ballot
form, and have found the vote to be as entered in the blanks after “Yes” and “No”
on the form herewith.

H.J. McNicholas
(Signed) M. K. Frehafer
Tellers.

OPTICAL SOCIETY OF AMERICA
BALLOT

AMENDMENTS TO By-LAws

The following amendments have been duly proposed and considered favor-
ably by the Council. They are now submitted to the Honorary and Regular Mem-
bers. Vote “Yes” or “No” in the spaces provided. To be counted, votes must be
received by the Secretary not later than 4:30 P.M., October 20, 1921.

By-law 1V, Election of Officers, Section 1, Eligibility, now reads ‘‘Officers shall
be elected from among the regular and honorary members of the society. The president
of the society shall not be eligible for election to a second consecutive term. No
officer of the society shall be eligible to hold the same office for more than two years
in succession”
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to be amended to read; (Yes 106, No 8)
“Officers shall be elected from among the regular and honorary members of the society.
The president and vice-president shall be elected for a two-year term, the secretary
and treasurer for a five-year term of office and shall not be eligible to re-election.
Members at large of the council shall be elected for a two-year term and shall be eligible
to but one re-election.”

By-law, Section 3, Mode of Election, now reads
“Election shall be by ballot and shall be by the primary system. The two persons
receiving the highest number of votes cast for any office in the primary shall be placed
in nomination for regular election. In any primary, if no nominee receives twenty
per cent of the votes cast, nomination shall be made by the Council”

to be amended to read; (Yes 95, No 17)

“Election shall be by ballot. Nominations shall be made by a nominating committee
appointed by the president and approved by the Council. This committee shall
consist of five regular members of the society, at least three of whom shall be past
presidents of the society.” ’

On the basis of the count certified above and in accord with By-Law VIII provid-
ing for amendment, the proposed amendments are certified as adopted. .
(Signed) I'rwin G. Pries
Secretary.
Approved by Council, Oct. 25, 1921.
I.G. P.

OPTICAL SOCIETY OF AMERICA

MinvuTEs oF THE ExecuTive CounciL
Rochester, N. Y., Oct. 24, 1921
A meeting of the Council was held at the Hotel Rochester, Rochester, N. Y.,
Oct. 24, with the following members present:—Southall, Priest, Lomb, Foote, Richt-
myer, Jones, and Forsythe.
The following new members were elected:

REGULAR
Wheeler P. Davey, Research Laboratory, General Electric Co., Schenectady, N. Y.
Wm. Francis Gray Swann, Dept. of Physics, Univ. of Minnesota, Minneapolis, Minn.
Arthur H. Compton, Washington University, St. Louis, Mo.
Yosikatu Sugiura, 3 Yarai-machi, Ushigome, Tokyo, Japan.
LeRoy D. Weld, 1531 B. Ave., Cedar Rapids, Ia.
Jukichi Imai, c/o Nippon Kogaku Kogyo K. K., Morimae Oimachi, Tokyo, Japan.
Frederic Eugene Tves, 1327 Spruce St., Philadelphia, Pa.
Ralph E. DeLury, Dominion Observatory. Ottawa, Canada.
Charles Greeley Abbot, Smithsonian Institution, Washington, D. C.
Glenn A. Shook, Norton, Mass.
Henry Franklin Dawes, McMaster University, Toronto, Canada.
E. P. Lewis, University of California, Berkeley, Cal.
Carl Danforth Miller, University of Manitoba, Winnipeg, Manitoba.
Ernest Merritt, Rockefeller Half: Ithaca, N. Y.
Charles D. Hoégman, Case School of Applied Science, Cleveland, O.
Gordon S. Fulcher, Corning Glass Works, Corning, N. Y.
George F. Kunz, 409 Fifth Ave., New York City.
Kakuya Sunayama, 3405 Oimachi, Tokyo, Japan.
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Elihu Thomson, 22 Monument Ave., General Electric Co., Lynn, Mass.
Elizabeth Rebecca Laird, Mount Holyoke College, South Hadley, Mass.
T. R. Merton, Clarendon Lab., Oxford University, Oxford, England.
Elmer George Quin, 18 Ave. A. West, Rochester, N. Y.

E. Leavenworth Elliott, 95 River St., Hoboken, N. J.

William G. Exton, 98 Central Park West, New York City.

Axel Oskar Thure Waldner, Sturevagen 45, Stocksund, Sweden.

AsSsSoCIATE INDIVIDUAL
Conrad G. Goddard, 33 East 50th St., New York City.
William H. Williams, University of California, Berkeley, Cal.
Thomas S. Stewart, S. E. Cor. 18th & Spruce Sts., Philadelphia, Pa.
Edwin L. Hettinger, 1325 Mineral Spring Rd., Reading, Pa.
David Rines, 99 State St., Boston, Mass.
Olof A. Axelsson Tenow, Metallograpiska Institutet, Stockholm, Sweden.

AssoCIATE CORPORATION
Munsell Color Company, 120 Tremont St., Boston 9, Mass.

The following members were transferred from Associate to Regular Membership:

Carl Bahn
Raymond Davis
Lawrence Radford

Complying with a request of the National Research Council, the Council recom-
mended the appointment of a Standing Committee on Physiologic Optics and the
devotion of one or more sessions of the Society’s annual meeting to papers on vision
and physiologic optics.

(Cf. Minutes of the Society, 6th Meeting to be published later.)

On Nov. 17, the president appointed: Richtmyer (Chalrman), Troland, and Lan-
caster on this committee.

Irwin G. Priest,
Secretary.

OPTICAL SOCIETY OF AMERICA

MiNuTEs oF THE Executive CounciL
Rochester, N. Y., Oct. 25, 1921

A meeting of the Council was held at the Hotel Rochester, Rochester, N. Y.
Oct. 25, with the following members present:—Southall, Priest, Lomb, Foote, Richt-
myer, Jones, and Forsythe.

The following actions were taken:

(1) A nominating committee directed to make nominations for the election of
officers were appointed by the President and confirmed by the Council as follows:—

F. K. Richtmyer (Chairman)

P. G. Nutting, Fred Wright, Adolph Lomb, I. G. Priest.

(2) A motion directing the president to appoint a committee on revision of the
by-laws was carried. The president announced that he would appoint such a commit-
tee later.

The president later appointed:—F. K. Richtmyer (Chairman), P. G. Nutting,
and Irwin G. Priest on this committee.

(3) The following committee on combination of the Journal with Instrument
Maker’s Journal was appointed and confirmed: Southall, Richtmyer, Lomb.
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This committee was given power to act in carrying into effect the action of the Council
at the Woods Hole Meeting. The committee was authorized to make such minor
changes and adjustments in the contract as might be required to carry out the intention
of the Council as indicated at the Woods Hole Meeting.

(4) The Council unanimously recommended the following amendment to the
by-laws: Substitute for Art. VIII:

“By-laws may be enacted, amended or suspended by concurrence of two-thirds

of the whole Executive Council.”

(5) It was ordered that the next meeting be held in Washington, during the latter
part of October, 1922.

(6) Prof. F. K. Richtmyer was appointed the Society’s representative to the
AAAS.

(7) The Council expressed unanimous approval of the plan of publishing in the
program brief advance abstracts of papers to be presented at the meetings.

(8) The application of the —— —— —— Library for free copies of the JoURNAL
was referred to the Editor with power to act.

(9) The question of payment for foreign subscriptions was referred to the treas-
urer and the editor with power to act.

(10) The president was directed to appoint a committee to report back to the
Council on ways and means of preparing and publishing an English Translation of
Helmbholtz’s “Physiologischen Optik” (2nd Ed.). The president appointed on this
committee:

Southall, Lomb and Priest (resigned Nov. 15). Troland was later (Nov. 17)
appointed to succeed Priest.

(11) The Council approved holding in connection with the Washington meeting,
October, 1922, an exhibit of optical apparatus, provided such an exhibit can be arranged
without expense to the Society. The Secretary was authorized to appoint a committee
to assist him in planning such an exhibit.

(12) The following Finance Committee was appointed and confirmed:

Lomb (Chairman), Richtmyer, Foote, and Priest.

(13) The editor was directed to publish in a suitable memorial number of the
JourNAL the minutes of the Helmholtz Memorial Meeting and the addresses delivered
by Prof. Southall, Prof. Crew, Prof. Pupin, and Dr. Troland.

The following subjects were discussed without definitive action being taken:

(1) The provision in the amended by-laws requiring three past presidents on the
nominating committee. It was represented to the Council that this provision should
be stricken out. Those present were of the opinion that it should either be stricken out
entirely or modified to require only one or two. :

(2) An Assistant Treasurer.

(3) Payment of salary to Editor.

(4) Qualifications for membership.

Irwin G. Priest,
Secretary.
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OPTICAL SOCIETY OF AMERICA

MinuTEs ofF THE ExEcuTivE CouNncIL
Rochester, N. Y., Oct. 26, 1921

A meeting of the Executive Council was held at Rochester, N. Y., Oct. 26, 1921,
with the following members present:—Southall, Priest, Lomb, Foote, Richtmyer,
Mees, Jones and Forsythe.

The following new members were elected*

REGULAR

Robert Scott Lamb, Stoneleigh Court, Washington, D. C.

Conrad Berens, Jr., 9 E. 46th St., New York City.

Dr. Herman Haessler, Penna. Hospital, 8th & Spence St., Philadelphia, Pa.
J. McKeen Cattell, Garrison on Hudson, N. Y.

Lucien Howe, 520 Delaware Ave., Butfalo, N. Y.

Floyd C. Fairbanks, 700 Post Ave., Rochester, N. Y.

M. 1. Pupin, Columbia University, New York City.

ASSOCIATE
M. Rea Paul, 129 York St., Brooklyn, N. Y.
The Treasurer made an informal report.
Iriwin G. Priest,
Secretary.
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REPORT ON ATMOSPHERIC SCATTERING, SKY
POLARIZATION, AND ALLIED PHENOMENA!

BY
F. E. FowLE

ATMOSPHERIC SCATTERING

Atmospheric scattering of light, with the allied phenomenon
of sky polarization, is of considerable importance to meteorolo-
gists and astronomers. The former is interested in it as an indica-
tion of the amount and condition of the atmospheric water vapor,
the latter as it affects the measures of the bnghtness or intensity
of radiation from celestial bodies.

The scattering of energy out of the direct beam from a celestial
object follows the formula e, =e,a™ where ¢, is the intensity of
the incident radiation or light, e, that after passing through the
mass of air m, a, the transmission coefficient for passage through
the atmosphere vertically, m the air mass taken equal to unity for
a vertical path through the atmosphere to the ground and prac-
tically proportional to the secant of the zenith distance of the

TABLE 1
wave-length, u...| .360 | .371 | .384 | .397 | .431 | .475] .503 | .574 | .720
dry air...........| .595 | .630 | .669 | .706 | .779 | .845 | .876 | .926 |......
air with 1.6 cm
HO..........|.cc.o oot ]oenn, .629 | .706 | .735 | .769 | .865
air with 0.3 cm .
HO.......ooofeeeidenanid]ieniad]oann .735 | .834 | .837 | .850 | .910

1 Section of 1921 Report of Standards Committee on Spectroradiometry, W. W.
Coblentz, Chairman.

99
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TABLE 2.—Transmission Pcrcentages of Radiation Throughk Moinst Air

The values of this table will be of use for finding the transmission of energy through
air containing a known amount of water vapor. An approximate value for the trans-
mission may be had if the amount of energy from the source between the wave-lengths
of the first column is multiplied by the corresponding transmission coefficients of the
subsequent columns. The values for the wave-lengths greater than 184 are tentative
and doubtful. Fowle, Water-vapor Transparency, Smithsonian Misc. Collections, 68,
No. 8, 1917; Fowle, The Transparency of Aqueous Vapor, Astrophysical J. 42, p. 394,
1915.

Range of Precipitable water in centimeters

wave-lengths

u u |.001,.003|.000| .01 .03 .06 .10 .25 .50| 1.0| 2.0{ 6.0{10.0
0.75 to 1.0 |. 100 99| 99| 98| 97| 95" 93| 90 83 78
1.0 1.25 . 99/ 99| 98 97| 95| 92| 89 85| 74| 69
1.25 1.5 96| 92| &4 80| 66| 57| S1 44 31| 28
1.5 2.0 ... |....] 98 97| 94 88| 79| 73| 70| 66| 601 57
*2 3 96| 92| &70 &4 770 70| 64|....|....0....|....]....)....
3 4 95| &8 &4 78] 72| 66| 63)....1....|....]....]....]....
‘4 S 92| 83| 76| 71| 65 60f 53|....|.... ....0...0....]....
5 6 95| 82| 75| 68 S6| 51| 47| 35|....|....|.

6 7 & 54/ S0 31| 24| 8 4 3 2| O o O
7 8 94| 84| 76, 68| 57| 46/ 35 16/ 10 2| O O O
8 9 100{ 100 100 99| 98 96| 94; 65|....|....]....J....|....
19 10 100 100 100 100 100; 100 100 100| 100| 100| 100y....|. ...
t10 11 100 100{ 100{ 100{ 100{ 100{ 100{ 100| 100| 100] 1007....]....
1 - 12 100| 100| 100| 100 100; 99| 98] 96| 95| 93|....|....|.-..
12 13 100| 100{ 100| 100{ 99| 99| 97| &6| &2|..
*13 14 100{ 100| 100{ 99| 97| 94/ 90| 80| 60|....[....|....]....
*14 15 o] 96 930 s0 75| 50, 150 O Of O 0Of o0
*15 16 ceeeeeid]ooofo.| 70] 55| 40 of of o o0 0 _0
16 17 coideefoe|eefo] 500 20f of O O O O O
17 18 coed|eooo o] 250 10 of O O O O O
18 © 08 94/ 89| 82 45 O O O O O O O O

*These places require multiplication by the following factors to allow for losses
in CO; gas. Under average sea-level outdoor conditions the CO; (partial pressure
=0.0003 atmos.) amounts to about 0.6 gram per cu.m. Paschen gives 3 times as
much for indoor conditions.

24 to 3u, for 2 grams in m? path (95); for 140 grams in m?* path (93);

4y to Su, for 2 grams in m? path (93); for 140 grams in m? path (70); more CO,
no further effect;

134 to 14, slight allowance to be made;

144 to 15, 80 grams in m? path reduces energy to zero;

154 to 16, 80 grams in m? path reduces energy to zero;

t These places require multiplication by 0.90 and 0.70 respectively for one air
mass and 0.85 and 0.65 for two air masses to allow for ozone absorption when the
radiation comes from a celestial body.
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body for other directions. The air mass in its variation with the
elevation is proportional to the barometric reading. Table 1
gives in the first line the wave-length, and in the succeeding
lines, the value of ¢ at sea-level for dry, dust-free air, for air with
1.57 precipitable water vapor and dust scattering 9 per cent of
the incoming radiation and for air on a cold winter day with 0.33
cm precipitable water and dust scattering about 3.6 per cent.

More complete details will be found in references 1 to 11.

The light scattered by 1 cm of presipitable water vapor in
the atmosphere decreases from about 8 per cent at .342u through
S per cent at .413pu, 2 at .764u to practically none at 1.5u. For
wave-lengths less than .6u there is very little light absorbed
except for a small amount in the neighborhood of the D lines.
For'longer wave-lengths, however it begins to exercise an increas-
ingly powerful absorption as indicated by Table 2, taken from
the Smithsonian Physical Tables.?

TABLE 3.—Relative Illumination Intensities

Source of Mlumination . Intensity Foot- Ratio to Zenithal Full
Candles Moon

Zenithalsun........................ 9600. 465000.
Twilight at sunset or sunrise. . ....... 33.0 1598.
Twilight center of sun 1°below horizon. 30.0 1453.

3 [ [ [ 2° g [ ls'o 727'

[y (.( [ [ 3° 3 [ 7 ‘4 358 .

“ " [y [ 49 [{3 {3 3'1 150'

[ “«® [{3 [ s° [ « l . l 53 .

(g [ 14 “ 6° [{3 «° 0‘40 19.0

(End of civil twilight)

Twilight center of sun 7° below horizon 0.10 5.0

[ [y [ <« 8° [ [ . 04 2 . 0
Zenithal full moon.................. .Q2 1.00
Twilight center of sun 9° below horizon .015 0.75

[ {3 [y [ loﬂ [y “ 'ms . 40
Starlight........................... 00008 004

For the ‘“Variations in the total and luminous solar radiation
with geographical position in the United States” the paper with
that title by Professor Kimball should be consulted.’®* The
above table quoted from Humphreys’ ‘“Physics of the Air” and
due to photometric measures by Kimball and Thiessen gives the
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approximate value of a number of clear-sky, twilight and other
natural illumination intensities on a fully exposed horizontal
surface.

Table 4 is taken from Volume 4 of the Annals of the Astrophysi-
cal Observatory of the Smithsonian Institution.'®

TABLE 4.—Radiation from Sun and Sky

Altitudeof Sun................ 5° | 15° | 25° | 35° |4734°| 65° [8214°
Sun's radiation cal. per cm? per
M. 0.533| 0.900] 1.233| 1.358| 1.413] 1.496{1.521

Sun’s radiation on horizontal sur-
face cal. per ¢m? per min.| 0.046] 0.233| 0.524{ 0.780( 1.041| 1.355/1.507
Mean radiation
%‘X X105, Normal......... 423 403 385 365| 346 326 310
un
Mean radiation of sky on hori-
zontal surfaces
SkY +10*. Sun Normal 15| 132| 142[ 150, 156 163] 170

S <10 Sun Normal.....
Mean sky on normal. Calories per

sq. degreeX 107, percm?permin.| 101) 163 213| 222) 219| 219] 211
Total sky on horizontal. Cal. per 0 |

IO PE MR e vveneeeeeen 0.056| 0.110] 0.162{ 0.189 0.205| .240
Total Sun and sky on horizontal.
Cal. per cm? per min. ... ... 0.102] 0.343| 0.686| 0.969] 1.246| 1.581{1.747

Relative to the night sky illumination the following is adapted
from a review in the Monthly Weather Review by Woolard.*

The light received from a given area of the night sky is made
up of (1) star-light, (2) scattered star-light, and (3) earth-light
the last including all light not due to the stars. Above 40° galactic
latitude the star-light is a relatively small percentage of the whole
and can be computed from star counts; the total light received
from any area may be photometrically measured. Van Rhijn®
shows that there is a kind of zodiacal light extending over the
whole sky, the intensity depending upon the celestial latitude
and longitude. By finding the excess of this zodiacal brightness
over its mean value for each part of the sky and applying a corre-
sponding correction to all the measurements the latter become
independent of the azimuth; the difference between total observed
illumination and corrected earth-light gives the star-light, even
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for galactic regions. The earth-light corrected for the zodiacal
illumination consists of direct earth-light and scattered earth-
light; applying a correction for the latter the earth-light is found
to increase towards the horizon, indicating illumination due to a
permanent aurora.® The total light received from all the stars
in both hemispheres is equal to 1,440 stars of magnitude 1.0,
Chapman has obtained by a very different process 900 to 1,000 for
this figure. Rayleigh finds the night sky yellower than the day
sky. Burns gives the following summary of the determinations of
the brightness of the night sky;*

TABLE §
Author Reference Brightness*
Newcomb!............ Astrophysical Journal, 14, p. 279,
1901, .. 0oiiiiei i 0.029
Burns®. .............. Ibid., 16, p. 166, 1902. .......... .050
Townley3............. Pub. Ast. Soc. of Pacific, 15, p. 13, .050
Fabrys............... Comptes rendus, 150, p. 272, 1910. .036
Yntema®............. Gron. Publ,, 22................. .140
- Abbot®. ...... eeenaes Astronomical Journal, 27, p. 20,
1911, . e .078
Van Rhijn’........... Astrophysical Journal, 50, p. 347,
1919, ..o .130
Bums®............... J. Brit. Ast. Assoc., 24, p. 463, 1914 .030
Meanvalue............covvenneens e .068
* Amount of light per square degree of non-galactic sky expressed in terms of
light of star of first magnitude. -
! Net claimed to be precise.
? Unfavorable locality.

% ¢ photographic and therefore would differ from visual values.
% 7 Yntema’s method.
$ Special photometer.

POLARIZATION OF SKY-LIGHT

The work done with the polarization of sky light consists
mostly of more or less systematic observations of its amount and
characteristics. The two principal observers have been Dr.
Dorno at Davos® and Professor Kimball at the Mount Weather
Observatory.?® Dorno has mapped the polarization characteristic
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for the whole sky systematically for various seasons and condi-
tions.
THEORETICAL

King'" and subsequently the author by somewhat refined
methods (¥ 1) showed that atmospheric transmission coefficients
for radiation, when corrected for the scattering caused by dust
and aqueous vapor, yielded through Rayleigh’s formula a value
for the number of molecules per cm? of air at standard tempera-
ture and pressure, namely, 2.72X10,!® which corresponds very
closely with Millikan’s selected value, 2.705X10.!* The close
agreement of the two values may be taken as proof either of
Rayleigh’s formula or of the accuracy of the estimation of the
losses of the sun’s energy in passing through the atmosphere.

In yet another direction the polarization of scattered light has
led to estimates of molecular quantities. For perfect polarization
of the scattered light a symmetrical spherical molecule is postu-
lated. It has been found, however, that there is a measurable
defect from perfect polarization which varies with different gases
as shown in Table 6: 3¢ 3 3¢

TABLE 6
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Gans has carried the investigation one step further and deter-
mined the assymetry of gas molecules through this defect of polari-
zation. His formula is double-valued and leads to two values of
the ratio of the polar to the equatorial axes, a/b as given in Table 7.
o is the mean diameter of the molecule. The first five values are
from measures by Gans, the rest by Strutt.®®

TABLE 7
a/b 1 11
o

I II aX10% | bX10® || ax10% | bx10% || X10

cm cm em | em cm

COs.......... 1.78 | 0.44 1.95 | 1.10 0.74 | 1.70 2.76
Naeorvrnnn, 1.45 .63 1.52 | 1.05 .86 | 1.37 2.41
Osennnn... 1.73 .46 1.62 .94 .65 | 1.42 2.33
NH,......... 1.25 77 1.50 | 1.20 1.08 | 1.41 2.61
NO......... 2.10°| .28 2.21 1.05 .54 | 1.89 2.88
He.......... 9.18 |[........ 1.62 | 1.76 ||........0........ 1.31
CSsvvvvnnn.. 2.10 .28 3.15 | 1.50 .76 | 2.69 4.10
CN.......... 2.10 .28 2.62 | 1.25 64 | 2.25 3.42
Oseennn.. 1.68 .48 1.60 .95 68 | 1.41 2.33
CeHeu........ 1.68 .48 2.97 1.77 1.27 | 2.62 4.34
COo.......... 1.47 .62 1.59 | 1.08 .89 | 1.43 2.50
Ar..oo... 1.47 .62 1.50 | 1.02 84 | 1.35 2.36
CHCI,. .. ... 1.45 .63 2.57 1.71 1.46 | 2.32 4.07
Hy.oovuvno.. 1.33 .1 1.12 .84 73 | 1.03 1.86
CHq........ 1.43 .63 2.05 | 1.41 1.17 | 1.85 3.25
CH\0...... 1.33 .n 2.47 | 1.86 1.62 | 2.29 4.13

It should be noted, however, that Rayleigh* calls attention to
later measures on He which leads him to conclude that it polarizes
more completely than the majority of gases so that it is the most
completely spherical of all the observed gases as already stated,
and not as elongated as this last table indicates.
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NOTE ON MR. F. E. WRIGHT’S ARTICLE FOR
DETERMINING PRISM ANGLE ERRORS

BY
- WALTER F, C. FERGUSON

In Mr. Wright’s article, published in this Journal,! the writer
finds in the curves for determining deviations caused by a Dove
erecting prism with incorrect axial angles, a difference from simi-
lar curves which-he had previously constructed for the same
purpose.

It is well known that an erecting prism can be made with base
angles other than 45°; and if the base angles are equal, the prism
will function correctly, the only difference being in the aperture
ratio of the prism: length / height.? Translated into Mr. Wright'’s
notation this means that equal changes in s and ¢ will produce
zero deviation of the emergent from the path of the incident ray.

Therefore the writer would reconstruct the diagonals; so that
values of s will fall on equal values of ¢, corresponding to zero

deviation, d.
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INVARIANT RATIOS AND FUNCTIONS IN GLASS
DISPERSION

BY
P. G. NutTING

Designers of optical systems have for years been familiar with
the fact that the ratios of any two partial disfusions is approxi-
mately the same constant for all optical glasses and have made
use of the fact in selecting and ordering glasses.

Dr. F. E. Wright! has recently made a careful study of these
dispersion relations, plotting various partial dispersions against
each other for practically all glasses (nearly 300.in all) for which
data are available. His plotted curves are all straight lines upon
which the data for all known glasses fall very closely. These
straight lines do not however, quite pass through the origin nor
through any other point in common. In other words, any partial
dispersion such as n, —n, is sensibly a linear function of any other
partial dispersion such as n,—n,, but the ratio of the two is not
quite invariant for all glasses.

Considerable interest has been aroused in this apparently sig-
nificant and, at first sight, rather remarkable relation between
refractive index and wave-length. The opinion appears to prevail
that it indicates some unique dispersion function to which the
many heretofore advanced are mere approximations. A critical
mathematical examination shows, however, that this deduction
is not justified. '

By way of introduction, consider first a simple linear function of
x and y say
(1) y=ax+b
in which @ and b are variable parameters. This represents a
double infinity of straight lines. Ordinates erected at any four
fixed points on the x axis, say x, 2; ;3 and x,, intersect all lines of -
both systems in the points y,=ax,+b, y.=etc. Now by eliminat-

1 Jour. OPT. Soc. Ax. 4, pp. 148-159, and 5, pp. 389-397, 1921,
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ing the variable parameters, an expression is obtained which is
invariant for all lines of both systems, namely;
(2) }'1—}’:=x1-xz
Vs—Ys X3— X4

Of the four points chosen, of course any two may be coincident.
The second member of (2) would still be invariant and the elimina-
tion of ¢ and b be unaffected if x in (1) were given any exponent.
However it is evident that the dependent variable y must be of
the first degree and must not occur with x as a product. The
most general form of function which will satisfy (2) appears to be
that in which y is any explicit linear function of any function of x
not involving parameters, or
(3) y=a f(x)+b
in which f(x) involves only numerical constants. This is certainly
a sufficient and I believe a necessary condition for giving the
invariant ratio of ordinate differences (2). It obviously covers a
wide variety of functions and even classes of functions.

The application of these results to dispersion theory is simply a
matter of translation. If refractive index # is a function of wave-
length A such that

=constant

n —
(4) 1~™ _ constant = c,
ng—"n,

it is necessary and sufficient that the form of the dispersion func-
tion fall within the limitations
©) n=a f\)+b
in which, as in (3), f(\) involves only numerical constants while a
and b vary from glass to glass. The limitations imposed by (4)
and (5) of course fail to exclude many forms of dispersion func-
tions which do not fit data at all.

Now Dr. Wright finds (l.c.) that (4) is not sufficiently general
to fit known glass data but that
(6) ni—ma=c(ns—ny)+k
holds very exactly for any fixed set of four wave-lengths. The
added constant &, although small (.0002 to .0008 and either
positive or negative), is a very definite quantity and by no means
to be regarded as merely a second order term giving a closer
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approximation. The reason for this finite value of % is not appar-
ent for the Cauchy and other dispersion formulas known to fit
glass dispersion data quite well fall within class (5) and satisfy
(4) and therefore imply & =o.

The limitations set by (6) are broader even than those set by
(4) unless perchance a direct functional relation exists between
¢ and k. The most general relation between index and wave-
length found by the writer to satisfy (6) is
) n=a f\)+b+F(Q\)
and this is believed to be both sufficient and necessary for the
existence of (6). In (7) both f(A) and F(\) are unlimited except
each must involve only numerical constants. Any function which
will satisfy (6) will of course satisfy (4), but the converse is not
true. ‘

Hence while such a simple relation as (4) or the more exact
relation (6) may be useful in such practical work as mixing glass
batches and selecting glasses for lens systems, they cannot be
regarded as indicating any specific dispersion formula or even
as setting any but very wide limitations on such functions in
general. v

Dec. 11, 1921,



THE PROPAGATION OF LIGHT IN ROTATING SYSTEMS

BY
A. C. Luxx

Some parts of the recent paper on this subject by Silberstein?
seem to call for comment, partly because of certain features of
obscurity or incompleteness, partly because of certain statements
whose justice is at least not made clear. In particular may be
questioned what seems to be the main conclusion, according to
which ether theory is better prepared than relativity theory to
adjust itself to a conceivable outcome of Michelson’s pending
experiment different from the expected. A few minor items may
be noticed first, but the following notes refer chiefly to what
appears to be the main topic of the paper referred to, a comparison
of ether and relativity theories as to their inferences concerning
the influence of rotation on optical phenomena.

The suggestion, page 291, that a specification of rotation with
respect to some such frame of reference as the fixed stars is neces-
sary also in the relativity theory, ‘‘in spite of appearances to the
contrary,” may be granted readily, but one is left to wonder what
those appearances are. Avoidance of reference to a hypothetical
set of absolute directions, one natural aim of a theory of relative
motion, does not imply rejection of the notion of an angular
velocity uniquely determinable with reference to an observable
system of bodies. The difficulties connected with the interpreta-
tion of the earth’s rotation under the generalized theory of Ein-
stein are well known, but there seems to be no known reason why
they cannot be ascribed entirely to the insufficiency of data
regarding the distribution and motion of cosmic matter. A fair
analogy may be found in the case of the general translatory motion
of the solar system with respect to the proper motion stars, or the
radial velocity stars, this motion being not determinable from
Newtonian theory nor yet in conflict with it.

Similarly, the later remark, pages 301-302, that the relativity
theory proved unable to ‘‘deduce the terrestrial ds as a gravita-

1 Silberstein, J. OpT. Soc. Au., 5, p. 291-307, 1921,
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tional effect of the stars . . . ,”” does not really point out what
can be called a flaw in that theory. When a theory is embodied
primarily in differential equations an incomplete knowledge of
the suitable values to be assigned to the constants of integration
is a deficiency in experimental material rather than in the theory.

In this same connection, the reference, page 304, to Thirring’s
solution for the gravitational field of a rotating body as a ‘‘com-
plete failure” seems rather extreme. Thirring’s solution is avow-
edly only an approximation, the exact solution being presumably
a difficult matter even if the proper boundary conditions were not
uncertain. The apparent strangeness of some of Thirring’s
results might be reduced by knowledge of a more precise solution.
One may be reminded here of some of the early results in celestial
mechanics for the values of certain apparently secular variations,
which other theories were able to interpret as first approximations
to oscillatory variations. At least it seems wiser not to prejudge
a theory too firmly in connection with problems where its infer-
ences are not yet definitive. .

The remarks at the foot of page 302 concerning the limitations
of special relativity are substantially untrue, and seem to be a
recrudescence of a mere misconception that formerly had some
currency. That theory can use other than inertial frames of refer-
ence just as freely as Newtonian mechanics can use rotating axes,
by a suitable transformation of variables, and is certainly not
“wholly incompetent” to deal with optical problems in rotating
systems. :

The rule, page 295, regarding convexity of light rays to the left
of a person walking in the direction of propagation is to be under-
stood as for the northern hemisphere only, and opposite in the
southern. If the intent of the text is equivalent to this the foot-
note should have “counter-clockwise.” As Silberstein in effect
points out the curvature is so tiny as to be a mere curiosity of
theory. But an indication may be added that the negligibility
of this curvature has an important bearing on the feasibility of
sufficient accuracy in the construction of Michelson’s optical
circuit, with reference in this connection to the illustrative diagram
on page 300.
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The telescope supplies a single beam for incidence on the part-
ing plate; if the transmitted and reflected portions start along the
sides of the straight-line triangle and swerve as understood, the
other corners of the concave triangle will touch the mirrors below
the points B and C, those of the convex triangle above those
points, so that the figure will be more like Fig. 1, corresponding
to the case where the finally emergent pencils are parallel.

Fro. 1

This is of course merely one ideal arrangement for reference, but
departures from it must be understood to be at least partly under
instrumental control in order to provide for observable fringes of
suitable width. In general, therefore, it appears that the oppo-
sitely travelling beams would be reflected at somewhat different
portions of the mirrors. While the differences of path thereby
introduced are of the first order individually for the successive
sides of the circuit, the first order sum is zero because the angles
of incidence and reflection are equal to a corresponding approxima-
tion. For a circuit of any polygon form in fact this modification
does not imply any change in the first order formula for the shift
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of fringes, but if the swerving were large enough to involve a
perceptible portion of the aperture of the beam, so that the two
pencils would be reflected at somewhat different portions of the
mirror faces, the location of the fringes might be affected by the
errors of the optical surfaces and non-homogeneity of intervening
medium in a way more difficult to allow- for than would be the
case where a test by reversal were possible. Actually, however,
even with distances of several kilometers the shift along the
mirror face is a small part of a wave-length. There appears thus
to be no practical error involved in the use of the rectilinear
diagram.

In the formula for the line-element, page 303, there is an unno-
ticed change of notation, in that the letter r, previously denoting
a radius in spherical coordinates becomes here the symbol for a
radius in cylindrical coordinates. Since the meaning and relation
of these two types of coordinates stands in need of definition
when the gravitational curvatures are introduced, the foot-note
on page 306 wants explanation, to show in what sense it can be
considered true that the only modification needed is the additive
term mentioned. This is not important for the main discussion
since it is agreed that the gravitational terms, including doubtless
those due to the rotation of the central mass, are here of insensible
magnitude. But it should be noticed that neglecting these terms
is equivalent to reducing the general to the special relativity, in
spite of the adverse remarks on the latter previously referred to.
In other words, the characteristic differences in relevant physical
content between Einstein’s restricted and extended theories
are practically evanescent to the degree of approximation needed
for this problem; so that the treatment of optical problems by
the method of null geodesics reduces to the elementary case of
isotropic rectilinear propagation with respect to a suitable frame
of reference, this feature being common to special relativity and to
the better developed ether theories.

Moreover, the omission of terms of higher degree in the velocity,
again quite sufficient for the purpose, masks the chief features of
contrast between the special relativity and such ether theories as
are developed without such features as the contraction-factor.
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In fact, it is well understood that the Lorentz-Larmor theory,
by postulation of the contraction as an effect of motion through
the ether, becomes in effect exactly equivalent physically to Ein-
stein’s theory over a wide range of phenomena.

For reasons such as these it is apparent that the theories in
question are nearly equivalent for the treatment of the problem
in hand. It seems to the writer that if the ether theories have
any advantage over Einstein’s it is likely to lie primarily in two
remaining features that still need examination. First, it may be
imagined that a theory like Fresnel’s or Lorentz’, while retaining
the notion of a stagnant or rigid ether at least for certain limited
regions, might have the greater freedom of choice of the frame of
reference with respect to which it is so defined; this seems to be
Silberstein’s idea, when he uses the fractional factor & for the ether
case but allows it to be only unity for Einstein’s. Second, the
notion of a non-rigid streaming or quasi-fluid ether, possibly even
with vortex motion, may seem to offer greater adaptability than
relativity allows.

In connection with the first point it is convenient to amplify
Silberstein’s notation because of ambiguity in the meaning of
his S*, which is said to represent the stellar or other inertial
frame; although the partly dragged ether, with fractional coeffi-
cient undetermined, is taken to be isotropic in it. This usage
seems to blur a distinction intended to be made, since it is prob-
ably not meant that a rotating ether should necessarily be an
inertial frame in the sense of mechanics.

To indicate distinctions corresponding to rotation only, sup-
pose, then, that S* is the stellar frame, S' an inertial frame for
either Newtonian or Einstein mechanics since a distinction be-
tween these is not needed here, S¢ the frame of isotropism of an
ether supposed rigid in the neighborhood of the terrestrial experi-
ment, and S the frame of the rotating earth. It will doubtless
be agreed that in purely terrestrial experiments, for most mechan-
ical and probably all optical tests hitherto, the distinction between.
these is obscured and indifferent; because the differential accelera-
tions due to rotation are masked by the effects of inevitable
disturbances, and because the rotational velocity is so small com-
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pared with the velocity of light. But the deviation of falling
bodies speaks for some such distinction and the Foucault pendu-
lum and gyroscope are commonly taken to indicate that Si is
much nearer to S* than to S, though probably not yet with pre-
cision enough to distinguish surely even between siderial and
mean solar day. The Michelson experiment seems to be the first
real test of the corresponding optical comparison concerning S¢.

Since all these experiments could be performed even if the sky
were always clouded everywhere, it seems in a way more suitable
to say that these special dynamical tests point to the difference
between S' and S, while the optical test is needed to relate the S¢
to the others, with precision enough to make a distinction between
them. There are some advantages in this more limited formula-
tion, independent of reference to cosmic phenomena, but the
astronomical relations of the problem are clearly vital for a com-
prehensive theory.

Although diurnal aberration is not directly known, there are in
the mode of reduction employed on astronomical observations
certain inherent assumptions corresponding to the noton, that
if extrapolated as a rigid system to cosmic distances the S* would
fit S*. Then the planetary motions are to high prec’s'on con-
sistent with the coincidence of S' and S*. But with the suj posi-
tion of a cosmic S*¢ in rotation with respect to S* there would
even be need of inquiry as to the precise meaning of the latter,
especially if its determination were understood to include dynami-
cal relations. The notion of a rotational drag extending far out
from the surface of the earth would evidently carry with it the
need for elaborate re-examination of astronomical observations.

A hypothesis more likely to be entertained is that there could
be an ether practically rigid locally and partaking to some extent
in the rotation of the earth but connected with a-cosmic ether
stagnant in S* by a transitional portion where a sort of fluidity
would need to be assumed, and where not even a locally rigid
S¢ would exist. The varied suppositions that are naturally sug-
gested are, however, special cases of a theory where for no portion
of the medium is rigidity initially assumed. Some use of the idea
of fluidity seems to be difficult to escape if any rotational drag is
observed.
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Now it may be asked whether the possibility of a full-fledged
theory of a non-rigid ether is at present more than an article of
faith. Perhaps an adaptation of the Heaviside-Hertz or Lorentz
equations for moving bodies could be made to serve as embodi-
ment of it. But the perplexities that greeted the Stokes theory
of aberration in a medium with pure streaming motion are famil-
iar, and there are worse when vortical motion is included. The
pending optical experiment, because of the circuital optical path,
may in fact be said to be adapted to yield primarily a measure of
the difference in curl between the earth’s rotation and the ether
motion, as measured in the frame of reference used in describing
the rotation. Moreover, the determination of optical paths by
Huyghens’ principle is at best but kinematic, and does not imply
the attainment of an ether theory competent to follow the waves
with detailed reference also to amplitude and polarization. But
granting that such a theory can be made, and for illustration
understanding it to be a modified form of Fresnel’s or Lorentz’,
one may still ask whether the theory of relativity could not make
a corresponding adaptation within itself. Confidence in such a
possibility is certainly encouraged by the previous success of
Einstein’s theory in absorbing the salient content of earlier
theories with only such changes as are permitted by the experi-
mental data. Itis quite conceivable that this theory could expect
to find such adapting changes possible in the field-equations, of
any ether theory at least whose success is connected with terms of
orders zero and one in the velocities. But for the present discus-
sion it may suffice to point out the basic feature involved.

The theory of Einstein is like all physical theories using the
concepts of space and time, in that it includes a kind of geometry,
supplemented by a system of physical notions and postulates
which can be developed in harmony with the geometry but which
are by no means uniquely determined by any logical considerations
alone. It is largely these postulates which are in question in con-
nection with any experimental tests, and they can be changed
in detail without destroying the main structure, just as an ether
theory could introduce the notion of a locally non-rigid medium.
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In the present instance it may be noticed that the postulate
primarily concerned is at least as old as modern science, and is
very deeply involved in Newtonian astronomy. Its perpetuation
in suitable form by Einstein is natural, not because it is inevitable
but because there has hitherto been no reason at hand for prefer-
ring something different and presumably more complicated. In
primitive form this postulate may be roughly said to assert that
the straight lines of metric geometry are dynamically and opti-
cally straight. Two centuries of celestial mechanics exhibit the
remarkable success of this hypothetical identification, in connec-
tion with astronomical triangulations and the relation of Newton’s
first law to planetary motions. In Einstein’s theory, using a com-
bination geometry of space and time measurements, and extended
in the generalized theory by introduction of the curvatures of
the manifold, it is taken as a characteristic of void spaces that the
optical geodesics are the null-lines of the dynamical geodesic
system and that these are defined by the vanishing variation of
the integral space-time separation. This postulate could certainly
be changed in various ways if need be, without departing from
the natural criteria of a genuine theory of relativity. If the
dynamical and optical world-lines of reference do not coincide,
their relation has a physical meaning and is a matter of at least
partial experimental test, the results of which could be described
“covariantively” or impartially, as demanded by such a theory.

This assumed coincidence of reference-lines of two-fold aspect
is reflected in the absence of any new arbitrary constant in the
computed values of ray-curvature and motion of Mercury’s
perihelion. The verification of these values suggests that no
change in the theory is likely to be required for void spaces. But
possibly in the immediate neighborhood of rotating masses,
whose theory is still incomplete, and certainly for spaces not void
of matter, as the writer expects to show in detail at another oppor-
tunity, the Einstein geometry furnishes material for some freedom
of choice in modifying the analogous form of the postulate
referred to, in such fashion as to fit with the original form of the
theory in regions where the tensor of matter is assumed to vanish.
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To make the corresponding adaptation of the wave-equations is
much the same problem as in the theory of a fluid ether.

The theory of Michelson’s apparatus, where source, mirrors
and observing instrument alike rotate, may need further study
before the interpretation becomes convincing. But it is clearly
premature to conclude that any one of the theories is incapable
of adapting itself to the result.

A related suggestion may be hazarded. The absence of dynami-
cal symptoms of uniform translation was found to be paralleled
by absence of optical and electrical symptoms. The presence of
dynamical symptoms of rotation is natural reason for expecting
positive optical analogues. But a value for the rotation, less than
the expected but not zero, seems quite plausible, in view of the
possibility of a region where the portion of ether in rotation merges
outwardly into quiescent regions, and this transition part may
extend into the body of the earth. The Einstein theory of rotating
masses when suitably developed may furnish an analogue, where
the internal dynamical-optical geometry merges into that of the
external void. The corresponding suggestion is that the angular
velocity revealed by Foucault pendulum and gyroscope may not
be the siderial value, and might possibly be found to vary with
the depth if the experiments could be performed in cavities deep
down within the mass. These dynamical experiments also seem
to offer renewed interest.

THE UNivERsITY OF CHICAGO,
Novexser 17, 1921,



OBSERVATIONS ON THE RARE EARTHS, XI: THE ARC
SPECTRUM OF YTTRIUM!
BY
L. F. YNTEMA wiTH B. S. HOPKINS

During the progress of the work on the rare earth group of
elements at the University of Illinois, several members of the
group have been separated in a high state of purity and their
atomic weights determined. This present investigation is a part
of a plan that comprises the spectroscopic examination of a
number of those elements in order to establish standards of purity
that can be employed in future work on the separation of the
members of the group.

The emission spectrum of yttrium has been studied by a num-
ber of workers. Values have been published by Kayser,? Eber-
hard,? and Exner and Haschek.* The latest, and probably the best
determinations are those of Eder,® which were made on yttrium
material prepared by Auer v. Welsbach. They are included in the
following table.

The yttrium examined was a portion of that prepared by the
one of us and co-workers for the determination of the atomic
weight value that has lately been accepted by the International
Committee on Atomic Weights.® The only known impurity was
0.005 per cent or less of holmium,—an estimate made by compar-
ing the intensity of the absorption spectrum with standard solu-
tions.

The spectrograph used is an” autocollimating quartz prism
machine constructed by Adam Hilger of London. Its dispersion
increases from 17.5 angstroms per millimeter at 4500A° to 1.5
angstroms per millimeter at 2200 A°.

! Submitted by L. F. Yntema to the Graduate School of the University of Illinois
in - partial fulfillment of the requirements for the degree of Doctor of Philosophy.
Contribution from the Chemical Laboratory of the University of Illinois.

2 Konigl. preuss. Akad. d. Wiss., Berlin, 1903.

3 Zeitschr. f. wiss. Photogr., 7, p. 245, 1909.

¢ “Die Spektren der Elemente bei normalem Druck, II,” Leipzig und Wien, 1911,

§ Sitzber, K. Akad. wiss., Wien, Ila, 125, p. 471.

¢ J. Amer. Chem. Soc., 42, p. 327, 1920; 1bid., 41, p. 718, 1919. Ibid., 38, p. 2332,
1916. .
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The iron spectrum was employed as reference.” A bar of pure
iron for this purpose was kindly furnished by the Westinghouse
Electric and Manufacturing Company of East Pittsburg, Penn-
sylvania. Copper electrodes, as carriers for the yttrium oxide,
were found to be preferable to the graphite generally employed,
because the copper arc is steadier and the electrodes do not burn
away as rapidly. Furthermore, a regulus of yttrium oxide in the
molten copper is formed and mechanical loss is avoided.®

A direct current of four or five amperes at an E.M.F. of 220
volts was used.’

Seed plates, No. 23, size 4" by 10", were used and hydrochinone
was used as a developer. The negative plates were measured ona
dividing engine, made by Adam Hilger of London, whlch is gradu-
ated to read to 0.001 millimeter.

The wave-lengths in International Angstrom units, were cal-
culated by Hartmann’s dispersion formula.!®

A=)\ ¢
R—R,

The mean of the determinations from at least four plates was
taken.

The results are given in the following table. The first column
gives the wave-lengths as measured in International Angstroms.
The second column indicates the intensity and charactet of each
line, the most prominent lines being assigned an intensity “10”
and the faintest lines an intensity “l.”” The character or appear-
ance of a line is ind’cated by letters that have the following signifi-
cance:

d =diffuse

v=shaded to violet
[ R =reversed

BR =head of a band toward red
} The column headed “Notes” contains other elements having
lines that coincide closely with yttrium lines of lower order of

7 Handbuch der Spectroscopie, VI. Band, H. Kayser.
8 Pfund, Astrophy. Jour. 27, p. 296, 1908,

* Astrophy. Jour. 39, p. 93, 1914.

10 Astrophy. Jour. 8, p. 218, 1898.
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intensity. These elements were probably present as impurities

in the material

examined.

Intensily and Character of Speciral Lines of Yitrium

Yntema and Hopkins I Eder 1 Notes

............................. 2231.55 1
2243.02 4 2243.03 2 |,
.............................. 2328.95 1
2331.67 2 2331.63 1 |
2332.59 3 2332.58 2 |
2340.80 1 2340.79 U
2343.55 3d e
2349.71 2 2349.69 L IO
2354.21 4 2354.20 3 |
2355.42 2 2355.40 S IO
2358.75 2 2358.70 2 .
2361.82 2 2361.81 2 .
2373.86 4
2385.24 5 2385.24 2 e
2398.10 2 2398.06 2 |,
2404.09 1 2404.11 1 |
2413.94 3 2413.94 S I
2417.29 2 2417.29 1 |
2422.19 7 2422.20 4 .
.............................. 2457.93 14
2460.13 2 2460.11 1 T
2460.60 3 2460.60 2 .
2465.80 2
.............................. 2479.09 1
.............................. 2479.80 1
2490.44 3 e
2492.68 1d e

2516.13 2 e Silicon
.............................. 2529.14 1
2540.31 3d 2540.28 (R PO e
2545.61 24 |
2547.57 4 2547.56 2 |
2550.17 2d 2550.35 1 |,
.............................. 2554.87 1
.............................. 2570.72 1
.............................. 2579.36 1
.............................. 2593.76 1
2594.89 2d 2594.88 1
2612.42 1d 2612.38 1 o,
.............................. 2619.46 1
2634.36 1 2634.32 1
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Yotema and I Eder I Notes
2856.30 2 2856.30  J P
2857.91 1 2857.87 1
2871.23 1 2871.20 O A
2873.29 1
2881.60 1 (2881.60) 3 Silicon
2886.48 4 2886.49 2 |
2890.38 2 2890.40 1 |

.............................. 2891.32 1
2897.68 2 2897.68 O
2898.81 1 2898.82 1
2901.46 2d 2901.48 O
2919.06 6 2919.06 R

.............................. 2929.00 1
2930.00 2 2930.03 S IO
2930.75 1 2930.77 1

.............................. 2935.91 1

.............................. 2043.58 1

2048.41 8 2948.40 L
................. ceeeenen| 294878 1
2953.13 1 2953.14 1 |
2955.86 1 2955.86 1
2964.97 7 2964.95 S
2973.89 1) 2973.91 O A
2974.60 10 2974.60 O

.............................. 2977.99 1
2980.56 2 2980.55 2 |
2084.26 10 2984.25 O
2995.27 3 2995.25 2 |

.............................. 2996.94 3
3005.26 3 3005.25 2 [

.............................. 3009.51 1
3018.96 3d 3018.95 2 e
3021.73 3 3021.73 3 |
3022.28 3 3022.27 3 |
3023.73 1d 3023.70 1
3023.95 14@?) 3023.99 1

.............................. 3027.68 1

.............................. 3030.08 1

.............................. 3036.59 3

.............................. 3037.82 1
3038.44 1 3038.46 1

.............................. 3039.98 1
3044.84 2 3044.84 2 |
3045.37 4 e
3047.13 1 3047.11 1
3047.36 2 3047.41 1t |
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Yntema and Hopkina 1 Eder 1 Notes
3049.88 1 3049.86 ) S
.............................. 3051.52 1
3053.25 1(?) 3053.26 2 e
3054.49 3(?) 3054.41
3055.22 3 3055.21 3
(3056.33) 1 (3056.33) 1 Sodium
(3059.52) 2 (3059.50) 2 Dysprosium?
.............................. 3065.83 1
.............................. 30067.27 1
3069.10 1(?) 3069.04 ) S
3072.37 2 3072.32 2
3076.49 2 3076.49 2 |,
3077.00 1(?) 3076.95 ) S
3078.57 1d(?) 3078.57 )
3080.29 1 e
.............................. (3082.16) 1 Aluminium
3086.88 3 3086.84 S
3091.74 3d 3091.70 K
.............................. (3092.71) 3 Aluminium
.............................. 3093.75 3
S 3095.49 )
3095.89 3 3095.88 4 L.
3096.61 1d 3096.57 S
3103.29 1(?) 3103.25 1 Dysprosi. m?
3103.72 1 3103.69 Y
3104.69 1 3104.69 2
.............................. 3108.86 2
.............................. 3109.77 1 Dysprosium?
.............................. 3110.50 1
3111.79 3 3111.80 S
3112.03 3 3112.03 K P
3114.29 2 3114.27 3 e
.............................. 3118.50 1 .| Holmium?
.............................. 3122.60 1
.............................. 3126.00 1
.............................. 3128.74 3
3129.96 3 3129.93 4 |,
.............................. 3133.15 1
3135.19 4 3135.16 4 ..
.............................. 3140.63 1 Dyspro-
sium?
.............................. 3141.16 1 Aldebaran-
jum?
.............................. 3144.20 1
3152.68 2d 3152.67 2
3155.66 1 e
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Eder

3171.72
3173.05

3179.45
3182.27
3185.99

3157.50
3158.36
(3158.88)
3159.47
3160.54

3162.83

3164.76
3170.00

3171.69
3173.05
3173.72
3174.36
3179.40
3182.23
3185.93
3188.75
3191.29
3193.29
3194.37
3195.61
3197.69
3198.41
3200.25
3203.32
3203.82
3206.22
3209.35
3211.26
3212.28

3214.04 -

3215.20

3216.67
3217.80
3220.72
3221.50

3222.02
3223.28

3225.03
3227.08
3227.69

b et bk et b
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Yntema and Hopkins

Eder

3230.57
3231.32
3231.80
3235.88
3237.93
3239.29
3242.28
3245.07
3247.02
3247 .54
3251.29

3252.27
3255.82
3256.20
3257.52
3261.23

3270.94
3271.13
3273.04
3273.96
3275.56
3278 .43
3279.35
3280.13

3280.91
3281.98
3282.45
3282.77
3283.21
3283.85
3286.68
3287.21
3287.93

3289.37

3290.11

-
DO s et gt A et bt e DD P N | e

N o D) N G s bbb et b b b ()
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Eder

...............
...............

...............

...............
...............
...............
...............
...............
...............
...............
...............
...............
...............
...............

...............
...............
...............
...............
...............
...............
...............
...............
...............
...............

3330.90

...............
...............
...............

...............

...............
...............
...............

...............

...............

...............

...............

...............

...............

...............

...............

...............

...............

...............

...............

...............

...............

...............

...............

...............

...............

...............

...............

...............

...............

................

...............

...............

3290.56
3290.96
3291.44

3293.44
3293.68
3294.55
3298.26
3302.17
3302.56
3303.86
3304.32
3305.49
3305.90
3306.27
3307.61
3308.47
3308.84
3310.13
3312.40
3312.67
3315.40
3316.32
3317.03
3318.52
3319.76
3320.60
3323.13
3327.89
3330.88
3333.42
3335.20
3336.18
3337.82
3338.76
3340.37
3340.98
3341.85
3344.53
3349.26
3352.64
3353.56
3354.57
3358.94
3361.99
3364.79

- N | ™

—
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Yntema and ankins‘ Eder I Notes
(3372.77) 2 e Holmium
3377.76 2 3377.72 2 |
3379 .85 1 e
3382.85 6 3382.83 L S P
.............................. 3383.06 1
3388.60 3 3388.38 2 e
3389.90 2d 0 e
3393.50 1?7) oo
3394.98 e T PR
3397.05 3 3397.03 3 e
3399.02 2 S A PR
3406.11 T e
(3407.76) 1 Dysprosium
3409.72 Id
3412 .49 2d 3412 .47 2 ...
3424 .14 2 e
(3429.15) d | Holmium
3431.00 2 e e
3431.67 2d 0 |
FE A D 3433.02 N
3437.98 S O A (R
(3445.52) d Dysprosium
3448 .85 5 3448 .81 4 |l
3450.88 2 3450.94 2 |
3453.03 1d | Holmium
3456.01 2d 0 | e Holmium
3461.01 2 e e
3467 .86 4 3467 .88 S
3469.36 s Y PR
3470.14 1 e
3473.12 2 e
3474 .28 S R A [
............................. 3484 .06 2
3485.75 4 3485.73 4 ...
3496.06 9 3496.09 8 |l
3497.23 ) A P
3498.93 2v e
3500.63 Id e
3501.96 1 e .e
3503.47 Id e
3506.51 2 R
3507.95 A
3510.54 d e e
3511.19 1d 3511.20 K
3521.52 2d e
............................. 3512.90 2
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Yntema and Hopkins I Fder 1 Notes
.............................. 3531.65 2

(3538.49) d Dysprosium
.............................. 3544.03 4
.............................. 3544.93 3 ; *

3545.94 1 Holmium?
3548.98 10 3548.99 6 |
3551.76 1 e
3552.711 5 3552.69 4
3558.72 P
3562.74 d o e
3564.00 S
3571.42 3 3571.4 1
3576.05 4 3576.04 2 e
3584.43 7 3584.51 4 |
3587.76 3 3587.175 S
3589.61 2 A
3592.85 7 3592.91 4 |
3600.69 6 3600.72 6 |l
3601.92 6BR 3601.91 L
S 3608 .84 1
3611.05 8BR 3611.05 10 |
3612.32 2 e
3616.62 1
.............................. 3618.77 1
3620.93 6BR 3620.94 6 .
3628.69 7BR 3628.70 S e
3633.01 10BR 3633.11 8

.............................. 3635.32 1

.............................. 3639.27 3
3664.62 10BR 3664.59 )
3668.51 2 3668.48 3 |
3692.54 3 3692.54 6 ...

.............................. 3694.20 3 Aldebaran-

ium
3696.62 N P
3710.14 10 3710.30 15 [

.............................. 3716.94 1
3718.10 2 3718.14 3 e

.............................. 3724.76 2
3732.19 T e
3738.60 2 3738.62 2 e
3747.59 6BR 3747.55 3 e
3749.90 Y O
3755.50 A P

(3757.27) O Holmium

3760.02 1d
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Yntems and Hopkins I Eder I Notes
3761.45 1 e Erbium
3762.18 D e
3769.51 e e U
3770.38 2 T R
3774.28 10BR 3774.33 L P
3776.53 6BR  |...ccoiiiiiiii i e
3782.26 O
3788.62 10BR 3788.69 L
(3796.65) SR FUTUT TP TN R Holmium
(3810.72) U IO AU Holmium
3818.32 " 6BR 3818.37 < 2
.............................. 3825.91 1
3832.84 10BR 3832.87 2
3836.79 d | e
.............................. 3840.43 1]*
3843.43 d | % ............
3847.87 1 [ A P
(3872.12) 1 e Dysprosium
3876.82 2 [ e
3878.31 4 3878.27 1 ...
3884.81 )
3887.81 2 3887.93 2 el
.............................. 3890.13 1
3890.95 [
3892.39 1 3892.41 2 el
.............................. 3900.27 1
3904.56 2 3904.59 2 el
3913.66 1 e
3918.30 72 L e
3930.66 4 3930.65 3 e
3942.53 d o [ Dyspro-
sium?
3944.74 S U OO I Dyspro-
sium?
3946.20 1 3946.20 2 e,
3946.95 L2 O e
3950.36 10BR 3950.35 S |eeeeeeiilt,
.......................... . 3951.60 3
3955.05 2 3955.09 K N
3967.72 e
3973.53 1d(?) 3973.45 2 el
3982.61 10 3982.60 .
3987.48 1 3987.50 S
(4000.54) 1(?) (4000.44) 3 Holmium
(4008.00) 1 e Erbium
4029.85 1 4029 .86 | S P
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Yntema and Hopkine I Eder 1 Notes
.............................. 4030.83 5%*
4039.80 2 e [ R
4047.69 7 4047.65 I P
4049 .45 1) e
(4053.93) Idv | Holmium
..... 4065.02 1
.............................. 4076.39 8¥+
4077.38 100 oY e,
4079.14 1) e e
T 4080.93 S [
4081.19 2d 4081.23 ) S
4083.74 7 4083.71 S e,
4085.50 D A
4090.45 ) P PSR
4095.45 Id e
4099.30 S
4099.85 O
4102.35 10BR 4102.38 100 |
4106.41 2 4106.39 1
4110.82 2 4110.81 2 e
4124.96 4 }‘ ............
.............................. 4125.93 5
4128.25 10BR 4128.32 10 |l
4142.89 9BR 4142 .87 10 |
4157.63 3 4157.63 2 e,
(4163.10) d e Holmium
4167.56 8 4167.52 .
4169.42 1@ |....... S
4174.16 7 4174.14 4 |
4177 .54 10BR 4177.51 T
(4186.83) L O Dysprosium
4191.26 L () O PO POt
4199.26 3 4199.28 3 ...

* The values given by Kayser and others agree with those found by the authors.
It is suggested that the discrepancies may be due to clerical errors.

The impurities found to be present in the yttrium material were
the rare earth elements, holmium, erbium, and dysprosium,
besides magnesium, and silicon. The presence of the rare earths
is to be expected in small amounts. The order of increasing solu-
bility of the bromates, which were used for the first step in the
purification of the yttrium, is as follows:—

Dy, Ho, Y, Er
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The final purification was accomplished by methods depending
on diffe-ences in basicity. The order of decreasing basicity is as
follows:—

Y, Dy, Ho, Er

Complete separation of yttrium from its less basic neighbors is
hardly possible, but the separation was so nearly complete that
their most prominent lines were found to be of the faintest order
in the spectrograms obtained.

The solution, from which the yttrium was precipitated as oxa-
late, had stood in Jena glass for some time; the silicon and possibly
the magnesium were introduced by solution of the glass.

Attention may be called to the fact that the yttrium material
examined has a few lines in common with the eurosamarium of
Eder." Lines 4309.65 A°, 4174.16A°, and 3950.35A° are promi-
nent yttrium lines and they are reported as faint lines of eurosa-
marium. Other prominent yttrium lines, however, were not found
by Eder in eurosamarium. There are several instances of coinci-
dence of rather faint lines, such as those at 4090.45 A° and 3129.96
A°, but these are probably accidental. It must be concluded
that Eder’s material contained no more than a very small per
cent of yttrium.

It may, also, be noted that Kayser,”? reports two lines,
5205.72A°, and 5200.41A°, as yttrium lines of intensity 6, while
they are reported by Eder as eurosamarium lines of intensity 10.

URrBANA, T1L.
June 1, 1921,

1Sitz, K. Akad. Wiss., Wien. 126, ITa (1917), 473.
1 Loc. cit.



1921 REPORT OF COMMITTEE ON STANDARD
WAVE-LENGTHS
BY
W. F. MEGGERS (Chairman)
I. PRIMARY STANDARD

In the 1920 report of this committee the subject of Standard
Wave-Lengths' was reviewed from its beginning and brought up
to date. Notice was taken of some dissatisfaction with the
primary standard, the red radiation of cadmium (6438.4696 A).
The limitations of a cadmium vapor lamp for routine measure-
ments are appreciated by all who have made determinations of
secondary standards and a more convenient working standard
is no doubt desirable. To this end the following suggestions are
made. The high homogeneity and exact reproducibility of the
red radiation of cadmium together with the fact that it is evaluated
in terms of the meter to an accuracy of probably one part in 10
million recommend its permanent retention as the Primary
Standard. Since most sources of secondary standards give lines
of lesser homogeneity the accuracy of their wave-length deter-
minations cannot exceed a part in two or three millions. For
practical purposes, therefore, a more convenient working standard
may be defined as equivalent to the Primary Standard and the
mean value of 8 lines of about equal intensity in the neon spectrum
between 5881 and 6382 A is suggested as a suitable auxiliary Pri-
mary Standard which may be substituted for the cadmium line
in most cases. The following values are recommended :

5881.895 6143.062
5944.834 6266.495
6074.338 6334.428
6096.163 6382.991

These neon lines? have been compared directly with the funda-
mental standard and their wave-lengths are probably correct to
one part in about six million. They are satisfactorily distributed

1 Jour. Opr. Soc. AM., S, p. 308; 1921.
! B. S. Bulletin 14, p. 765; 1918.
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in the spectrum, being separable with a single prism spectrograph
but at the same time included in a small enough interval so that
the dispersion of phase in interferometer reflections is negligible.
The probable error in a measured length based upon the mean
of 8 values is no doubt less than when depending on a single line
and furthermore the use of a group of neon lines permits the deter-
mination of the exact order of interference, or the optical measure-
ment of length to be made easily and rapidly.? The neon lines
are readily obtained with great intensity from Plucker tubes,
can easily be observed either visually or photographically, and are
capable of showing interference with a retardation of more than
300000 waves. They have been used successfully in the calibra-
tion of end standards* and in ruling line standards with a tested
accuracy of one part in two or more million.
II. SECONDARY STANDARDS

The following wave-lengths from the spectrum of low pressure
cadmium vapor have been measured® in terms of the wave-length
of the Primary Standard (6438.4696 A) and are recommended
as additional secondary standards which qualify in respect to
sharpness and accuracy in relative value. '

TABLE 1.—Wave-Lengths in the Spectrum of Cadmium

2980.622 3610.5098
3080.827 3612.8748
3133.167 4662 .3525
3252.5248 4678.1504
3403.6529 4799.9139
3466.2010 5085.8230
3467.656

Frequency differences among the lines which belong to corre-
sponding members of subordinate series are constant to one part
in several millions when derived from the above measurements.
The entire range of these differences is the same order of magni-
tude as the probable error in the wave-length comparisons.

More determinations of secondary standards, especially in the
spectra of the inert gases, are desirable, but none have been pub-
lished since those appearing in the 1920 report of this committee.

3B. S. Bulletin 12, p. 203; 1915.

¢ B. S. Bulletin, Forthcoming Scientific Paper by C. G. Peters.
§ B. S. Bulletin, Forthcoming B. S. Sci. Paper, by Meggers and Burns.
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The greatest need of International Secondary Standards of
wave-length lies in extending the system to longer and to shorter
waves. A fairly homogeneous and satisfactory system of second-
ary standards now exists for the visible spectrum and for a portion
of the adjacent ultra-violet. Accurate values are scarce for the
infra-red and there are none at all for wave-lengths in the extreme
ultra-violet and Schumann regions. The theoretical importance
of these shorter waves is ever increasing and in recent years a
large number of investigators have added much to spectroscopy
of the Schumann region, which has apparently been extended so
that no gap remains between the so-called optical and X-ray
spectra. The wave-length measurements of different observers
are often in disagreement by one or 2 Angstrom units compared
with the accuracy of 0.001 A striven for in the region of longer
waves where Internat'onal Secondary Standards now exist.
With an interferometer of fluorite plates operated in a vacuum
spectrograph the system of secondary standards may perhaps
be extended to wave-lengths of 1400 A or less.

III. TERTIARY STANDARDS

Since the 1920 report was prepared an important contribution
to the subject of tertiary standards of wave-lengths has been
made by the Mt. Wilson Observatory.®

Observations were made on a 12 mm, 5 amp “Pfund arc’’ and
light was used from a central zone at right angles to the axis of
the arc not exceeding 114 mm in width. Under these conditions
the iron arc is said to yield wave lengths which appear to be
free from the so-called pole-effect. Mean results for 1026
lines were given including 78 International Secondary standards
of which 62 stable lines came out as follows: 53 within +0.001,
8 within +0.002, 2 within +0.003 and 1 within 0.004 A of the
adopted values; while in the case of 16 lines belonging to group
¢s and d (also showing pressure shift), the International values
are systematically greater, the mean difference being 0.007 A,
due to pole effect in the arcs used in the original determinations.

¢ St. John and Babcock, Wave-Lengths of lines in the Iron Arc from Grating and
Interferometer Measures 3370 to 6750, Astroph. J., 53, pp. 260-299; 1921.
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Another excellent set of measurements of tertiary standards
was made by Friedrich Miiller,” who used an iron-carbon arc
which according to St. John and Babcock? is entirely free from
pole effect. Overlapping spectral orders were photographed by
means of a large concave grating spectrograph and the wave
lengths of 388 selected lines were determined relative to the
stable Secondary Standards. Except for a gap between 3903
and 4525 A, these tertiary standards are fairly well distributed
between 2332 and 5658A. Compared in the range 2413 to 3030 A
with the standards determined by Fabry and Buisson,? the values
found by Miiller average 0.002 A larger from 3030 to 2739 A and
0.002 A smaller from 2714 to 2413 A. In the green-yellow (4707
to 5658 A) 14 lines belonging to groups ¢ and d show values which
in the mean are 0.0065 A smaller in this source than in the inter-
national iron arc. This confirms the findings of St. John and
Babcock. Approximately 160 lines were measured with gratings
both by St. John and Babcock and by Miiller. For these, the
mean difference is +£0 0018 A and the values by Miiller are
systematically 0.0005 A larger than those by St. John and Bab-
cock.

There is not sufficient assurance that any of the wave lengths
derived from the modified iron arcs are identical with those
obtained from the arc defined in 1913 as the source of Inter-
national Secondary Standards, and it is regrettable that neither
St. John and Babcock nor Miiller tested this by comparing their
wave lengths with the Primary Standard. If the iron lines are
not perfectly symmetrical the increase of sharpness in the modified
arcs may be expected to change the effective value of their wave
lengths. Careful investigation of this point is desirable.

The measurements of tertiary standards discussed above were
made in terms of the so-called stable International Secondary
Standards and the investigations may be regarded as confirming
the correctness in relative value of these wave lengths. If the

T Miller, Beitrag zur Aufstellung des Systems internationaler Wellenlingen-
Normalen. Dissertation, Rheinischen Friedrich-Wilhelms-Universitiit zu Bonn, 1921.

8 St. John and Babcock, Astroph. J., 46, p. 138; 1917.

9 Fabry and Buisson, Comptes Rendus 144, p. 1155; 1907.
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values for c; and d lines in the modified arcs are confirmed by
another investigator the mean of three independent and concor-
dant observations may ultimately be adopted as corrections to
the standards in the cases of iron arc lines which appear to be
unstable. Secondary Standards of this type should be replaced as
far as possible by new measurements of stable lines.

BUREAU OF STANDARDS,
WasHINGTON, D. C.



THE GLOSS CHARACTERISTICS OF PHOTOGRAPHIC
PAPERS*

BY
L. A. JoNEs

In a systematic study of the characteristics of photographic
papers a consideration of the surface quality is of great importance.
The factors most frequently required in the specification of surface
quality are color, texture, and gloss. The color can be measured
by the employment of suitable colorimetric methods, the results
being most conveniently specified by stating the diffuse reflecting
power, wave-length of the dominant hue, and the saturation.
These three factors which are necessary for the specification of
color completely define from the subjective standpoint the quality
and intensity of the light reflected from the surface. The word
“texture” is used in referring to the topography of the surface.
Thus far no simple numerical method of expressing quantitatively
the texture of the paper has been developed. At the present
time the texture is best studied by examining the surface under a
microscope. A magnification of from 10 to 20 diameters has been
found to be most suitable for this work. Photomicrograms made
with a fixed magnification and under certain specified and con-
stant conditions of illumination are found useful in case a per-
manent record of the texture characteristics is required. The
third factor mentioned, that is, gloss, is dependent upon the
geometrical distribution of the light reflected from the surface
under consideration.

In general it may be said that of the light reflected from the
surface of such materials a part is diffusely reflected while the
remainder is reflected specularly, that is, in accordance with the
law that the angle of reflection is equal to the angle of incidence.
Considering surfaces in general, it is found that an infinite number
of variations in the ratio of specular to diffusely reflected light

* Communication No. 134 from the Research Laboratory of the Eastman Kodak
Company.
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exists, the scale being theoretically limited at one end by a surface
which reflects all of the incident light according to the law that
the angle of incidence is equal to the angle of reflection, and at the
other by a surface which reflects light equally in all directions
regardless of the angle of incident illumination. The characteris-
tic of the surface referred to by the words “glossy” or “glossiness”
is dependent upon the relation existing between the light which is
diffusely and regularly reflected from the surface, and it is with
the measurement and numerical specification of this factor that
this paper deals. It is customary, at the present time, to desig-
nate the gloss factor of a photographic paper by the use of such
descriptive words or terms as ‘“matte,” ‘“‘semi-matte,” ‘“velvet,”
glossy,” etc. It is evident that the use of the words can only
approximately specify the gloss quality and it is very desirable for
the sake of more precise designation to develop a method for
the numerical specification of this quality.

The problem of mixed specular and diffuse reflection has been
treated at considerable length in the reports of the Committee or
Glare! of the Illuminating Engineering Society. In these reports,
Dr. P. G. Nutting, who was chairman of the committee at that
time, presented a very complete mathematical treatment of
the problem and proposed as a logical specification of gloss the
ratio of the specular reflecting power to that of diffuse reflecting
power, the illumination being incident normally and the illuminat-
ing source of such dimensions as to subtend .01 steradian at the
surface. In one of the reports considerable data relating to the
gloss of various papers and to some photographic papers are given.

Taking advantage of the fact that in the case of mixed specular,
and diffuse reflection the regularly reflected component is almost
completely polarized under certain conditions, Professor L. R.
Ingersoll’? has developed a polarization method of measuring
the gloss factor. In his instrument the conditions of illumination
both as regards angle and size of source are chosen arbitrarily.
Under these conditions, the ratio between the intensity of the
regularly and diffusely reflected components is measured by some

!Trans. I. E. S, 10, p. 353, 379 and 388, 1915.
t]. Opt. Soc. AMER. May, p. 213, 1921,
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type of polarization photometer such as the Martins photometer
or the Pickering polarimeter. This instrument provides, there-
fore, an arbitrary scale upon which the gloss values may be
expressed.

The term “gloss” is used as descriptive of the subjective im-
pression received when observing a surface from which light is
reflected and there is little doubt that the degree of glossiness is
dependent upon the contrast between the brightness of those
portions of the surface which are seen by diffusely reflected light
and those which are seen by regularly reflected light. In other
words, gloss must be a function of the brightness contrast existing
between the more or less clearly defined specular images of light
sources having relatively small angular dimensions and the con-
tiguous portions of the surface which owe their brightness to
diffusely reflected light. It seems logical, therefore, that the
absolute scale of gloss can be established only by measuring this
brightness under certain specified conditions of illumination and

observation.
THE GONIO-PHOTOMETER

Before deciding upon the conditions under which such measure-
ments were to be made, it seemed desirable to measure the distri-
bution of light reflected from the surface under consideration for
various conditions of illumination. This involved the determina-
tion of the reflection characteristics of the surfaces for all angles
of observations and under certain specified conditions of illumina-
tion.

For this purpose a special instrument termed, for convenience,
a ‘“‘gonio-photometer” was designed and constructed. A diagram
showing the essential parts of this instrument is shown in Fig. 1.

A heavy cast-iron base, A, supports the arm B, at the end of
which is carried the photometric apparatus. In order that the
observer and the photometric equipment might not interfere
with the illumination of the sample at angles approaching closely
to the normal, the axis of observation was bent at right angles by
use of the total reflecting prism C. A portable photometer of the
illuminometer type was mounted at D, and the small lens E
placed immediately in front of this photometer permitted the
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formation of an image of the surface under examination in the
plane of the photometer cube. In case the texture of the surface
was such as to interfere with precise photometric settings, this
lens could be displaced by amounts sufficient to eliminate the
troublesome surface texture. A rigid bearing F supported by
the base casting carries a movable arm G on one end of which is
mounted the lamp house H, while at the other end a counterpoise
weight I is placed. A holder is provided for the sample at J,
this is so mounted that it holds the surface of the samples being
examined in the plane passing through the axis of rotation of the

F16. 1—Diagram showing essential parts of instrument

arm G. The circular scale plate K is mounted in a fixed position
relative to base A. A pointer attached to the sample holder
indicates the angle on the divided circle. By means of a pin M,
the sample holder can be connected rigidly with the moving arm
G, so that the plane of the sample will remain perpendicular to the
incident illumination for all positions, and as the arm G is rotated
the angle of observation alone varies. This provides for the
measurement of the surface brightness at various angles of obser-
vation and fixed direction of illumination. By removing the pin
M and clamping the sample holder to the base, 4, the arm G
moves independently of the sample, and observations of bright-
ness at a fixed angle of observation, but with a variable angle
of incidence, can be made. In the front of the lamp house is
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mounted a lens O of such focal length that the source S falls at
its focus. Under such conditions the light incident on the sample
is approximately parallel. The dimensions of importance are as
indicated in the figure. It is also so arranged that the lens O
can be removed and in its place substituted a disk of diffusing
material such as ground pot opal glass.

The dimensions are so adjusted that the effective area of this
diffusing material is just sufficient to subtend an angle of .01
steradians at the surface of the sample under examination. A
500-watt Mazda C lamp of the concentrated filament type was
uscd as a source of illuminating the samples. A photograph of the

F16. 2—Photograph of Apparatus

apparatus is shown in Fig. 2. The voltage was precisely controlled
in order to eliminate variations in brightness due to fluctuations
in the line voltage. Complete distribution curves of the light
reflected were obtained from a series of samples with the illumina-
tion incident on the sample at various angles.

From a consideration of the way in which the average observer
adjusts a photograph which he is examining with respect to the
line of sight and the direction of its illumination, it appears that
the most favorable and comfortable conditions are obtained when
the line of sight is normal to the surface of the print and the illumi-
nation incident at an angle of approximately 45° from the normal.
Such an adjustment of conditions prevents the observer from
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being annoyed by specular reflection from the surface in case
such exists. In a previous paper?® this same condition of illumina-
tion and observation was adopted as being the most suitable under
which to measure the photographic densities of prints and of
sensitometric test strips used in the determination of sensitometric
constants of such materials. These conditions were chosen as
representing most closely the average conditions of illumination
under which photographic prints are observed.

From a consideration of the distribution curves and also from
a consideration of the way in which a photographic print is usually
observed, it was decided that a comparison of the brightness of
the surface when viewed normally and at the angle of specular
reflection with the illumination incident at an angle of 45° from
the normal would give a determination of gloss most nearly in
accord with the commonly observed value of that factor.

The diagram in Fig. 3 illustrates the conditions of illumination
and observation which were adopted for the measurement of
gloss. The line MN represents the plane of the sample under
consideration. Thisis illuminated by a beam of parallel light inci-
dent in the direction AO. A brightness measurement of the sur-
face is then made in the direction represented by the line BO
and this brightness will be designated by the symbol B;. A
second brightness determination is made in the direction CO and
this value is designated by the symbol B,. Let the curve KLPR
represent the complete brightness distribution curve of the sample
under consideration. It is evident from the shape of this curve
that the reflection from this sample is of a mixed specular and
diffuse type. It is evident that the value of B, is a measure of the
diffuse reflecting power of the sample while the value of B, is a
measure of the specular plus the diffuse reflecting power of the
sample. The brightness (B;) due to specular reflection may
therefore be obtained by subtracting By from Bs. That is,
B;=Bs;—B;. As previously stated, gloss is a function of the
brightness contrast between the more or less clearly defined
images of light sources having fairly small angular dimensions

SR.]J. P, 9, p. 22, 38, 1914; and Phot. J. 54, p. 342, 1914.
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and the contiguous portions of the surfaces which are visible by
virtue of light diffusely reflected from them. It is very evident
from a consideration of the values obtained in practice that the
subjective impression of gloss, or perhaps more properly speaking
of “glossiness,” is not directly proportional to the contrast value.
This contrast may, however, be taken as an adequate measure of

b

F16. 3—Illumination and observation adopted for of gloss

the physical stimulus producing the sensation of glossiness. It
may be convenient to use different terms as representative of the
physical aspect or stimulus and the subjective aspect or sensation.
Such a procedure will be analogous to the use of ‘‘brightness”
and “brilliance” in referring to the intensity factor of radiation
and the subjective sensation resulting from its action on the retina.
In this case the term brightness is used as descriptive of the physi-
cal or objective aspect of the stimulus while the term brilliance
is used in reference to the resulting sensation.

It is proposed, therefore, to adopt the term “‘gloss” as descrip-
tive of the stimulus, while the term “glossiness” will be used in
referring to the subjective sensation produced. The experimental
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results given in this paper relate almost entirely to the measure-
ment of gloss, and while some indication has been obtained as
to the relation existing between the stimulus, that is, gloss, and
the resulting sensation, glossiness, the data available are entirely
inadequate for the formulation of a definite physical relation
between the stimulus and the sensation. The distribution curve
of a surface having zero gloss is represented by the curve KLSR
and for such a case By=B, and B;=0. Gloss (G) may therefore
be defined by the equation

On the basis of this definition, the scale of gloss extends from
zero, for a surface which reflects light equally in other directions,
that is, one obeying Lambert’s cosine law, to infinity for the
surface from which the reflection is entirely specular.

It will be recalled that in the reports of the Committee on
Glare, (loc. cit.) it was recommended that a source of such dimen-
sions as to subtend .01 steradians at the sample be used in the
measurement of gloss. The practical objection to this procedure
is that under such conditions it is difficult to obtain illumination
on the sample sufficiently high to give a field brightness in the
photometer which will result in high precision and absence of
fatigue in reading the instrument. In order to determine the
magnitude of the difference in the measured gloss values when
using this type of illumination and that obtained by using a beam
of parallel light, a series of measurements were made. A group
of samples varying from very high to very low gloss were chosen
and the gloss values of the group determined with both types of
illumination. The results which will be given in detail later show
that when illuminated with a collimated beam the gloss values
ranged from .43 to 24.0, while with a source subtending .01 stera-
dian the values varied from .36 to 12.4. This indicates that the
use of collimated illumination provides a more extended gloss
scale, thus permitting the measurement of smaller differences in
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gloss than could be measured when the source subtends a larger
angle. For these reasons, it was considered advisable to specify
that gloss measurements be made with the sample illuminated
by parallel light. While it is quite possible to make gloss deter-
minations by using the gonio-photometer, this requires two in-
dividual photometric readings one made with the direction of
observation normal to the surface and one at 45° from the normal.
Although this method is satisfactory, it is not suitable where a
very large number of samples are to be examined, nor does it
afford the precision required for the comparison of samples
differing but I'ttle in gloss.

THE GLoss METER

The best conditions of illumination and observation having
been determined from an analysis of the results obtained with
the gonio-photometer, an instrument for the direct measurement
of gloss was designed and constructed. A schematic diagram
of this instrument is shown in Fig. 4.

The light source is placed at the focal point of lens A which is
a well corrected telescopic objective. The light source used is a
tungsten lamp having a highly concentrated filament thus ap-
proaching as closely as possible to a point source. The collimating
beam is incident upon the sample B at an angle of 45° from
the normal. The lenses E and F placed respectively on the normal
to the surface of the sample and on the line at 45° from the normal
form images of the sample B in the photometer cube K. The focal
length of these lenses and the distances are such that the images
are of unit magnification. The mirrors G and H properly placed
serve to reflect the beams of light as indicated so that they inter-
sect each other at an angle of 90° in the photometer cube. The
photometer field is viewed through the lens L with an eyepiece
of the type commonly used for such work. The brightness of the
two images formed by the light leaving the surface normally and
that formed by the light leaving at an angle of 45° can be varied
by means of the neutral tint wedges C and D. The zero of the
instruction is set by placing the sample by a piece of pot opal
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glass so placed that the line OP which bisects the angle NOM
is normal to its surface. This is illuminated by swinging the light
source with its collimating lens into the position indicated by the
points S14:. The opal glass is therefore illuminated normally
with a beam of parallel light and images of this surface are formed

F10. 4. —Schematic diagram of instrument

in the photometer cube by light which leaves the surface at equal
angles on the opposite sides of the normal to the surface. With
the scale which is attached to the neutral wedge D set at zero, a
photometric balance is made by adjusting the position of the
neutral tint wedge C, this adjustment having been made, the
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light source is returned to the position for the illumination of the
sample as designated by the letters S and A. The sample to be
examined is then placed in position, B, and a photometric balance
made by moving the neutral tint wedge D. This gives a direct
measurement of the relative brightness of the surface as viewed
normally and at the angle of specular reflection. The scale carried
by the wedge D may be calibrated either to read the ratio of these
two brightnesses or, if desired, to read directly in gloss values. In
the case of some surfaces having a marked texture, it may be
found difficult to make precise photometric settings when the
image is focused in the photometric cube. By displacing slightly
the lenses E and F the sharp focus can be destroyed and this diffi-
culty overcome.

RESULTS

ErrecT UPON GLOSS OF VARIATIONS IN JLLUMINATION

In order to determine the influence of the type of illumination
used in illuminating the sample upon the resulting gloss values,
the following series of measurements were made. Eleven samples
of paper varying widely in glossiness were chosen. The gloss
values for each of these were then measured using a collimated
beam incident at 45° in illuminating the sample. The results of
these measurements are given in Table 1 in the column marked
“parallel.” By removing the lens, O, (see Fig. 1) and replacing
it with a disk of opal glass of proper dimensions, the sample was
illuminated by a source subtending .01 of the steradian at the
sample. A second series of gloss measurements were made and
the results are given in Table 1 in the column marked ‘semi-
diffuse.” It will be noted that in all cases the values obtained
with parallel illumination are higher. For instance, for the most
glossy surface, the reading of the semi-diffuse illumination is
12.4 while with a collimated illumination a value of 24.0 was
obtained. It is evident in both cases that for a glossless surface
the reading must be zero. The use of collimated illumination
therefore gives a more extended scale and increases the ability
to detect differences between samples varying but slightly in
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TasBLE 1

Sample Parallel Semi-Diffuse
1 .43 .36
2 .43 .39
3 .78 .78
4 1.20 1.03
5 1.89 1.65
6 2.28 1.91
7 3.96 3.12
8 13.6 9.0
9 21.2 10.9
10 22.9 12.6
11 24.0 12.4

gloss value. For this reason, therefore, and also because a satis-
factory brightness can be obtained more readily for this type of
illumination, it was decided to adopt the parallel illumination
as a standard condition for the measurement of gloss values.

EFrrFECT UPON GLOSS OF VARIOUS SURFACE TREATMENTS

In order to determine the effect of certain surface treatments
upon the gloss characteristics of various stocks, eleven-samples of
raw stock used in the manufacture of photographic papers were
chosen as representing the entire range of gloss variations which
occur with these materials as they come from the mill. The
values of gloss will be found in Table 2, column 1. It will be noted
that there is a relatively small variation in the gloss of these
samples. Other samples from the same stocks were examined
after having been coated with baryta. The gloss values obtained
are shown in the second column of the table. A typical photo-
graphic emulsion was chosen and by coating this on each of the
eleven stocks selected a finished developing-out paper was ob-
tained. Samples of each were fixed out, washed and dried in the
usual way and the gloss values determined. These values will be
found in column 3. A second lot of emulsion containing a suitable
material for the production of a matte surface in a photographic
paper was used in making up an additional set of samples from
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the same paper stocks. Samples from these were treated as pre-
viously, that is, fixed-out without exposure, washed, dried and
the gloss values obtained. The values determined are shown in
column 4.

It is impossible to analyse completely the results shown in
Table 2. The effect of the baryta coating is not the same in all
cases and this undoubtedly is due to peculiarities of treatment
that occur in the process. However, it will be noted that in all
cases the gloss values are increased appreciably by coating the
various samples with plain emulsion while the use of the matte
emulsion reduces the gloss value in all cases. In fact, the gloss
values given in column 4 are so nearly equal that but little varia-
tion in gloss is apparent in this group of samples.

TABLE 2
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that when glass measurements are made on photographic papers
that have been subjected to varying degrees of exposure, a rapid
increase in the gloss value must occur, since B, remains practically
unaltered while B, decreases to a very marked extent. v

In order experimentally to determine the relation between
photographic density and gloss, a series of measurements were
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F16, 5~—Numerical results plotted§in graphic form

made on the samples that had been subjected,to various degrees
of exposure, developed, washed, and dried in the usual manner.
It might be well to point out at this place that the word “density”
as used in this connection is defined by the equation D (density) =

the logarithm of% where R is the value of diffuse reflecting

power as measured under certain definitely specified conditions
of illumination and observation.?
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Three standard photographic papers representing a low,
medium, and high gloss were used for the determination of the
relation existing between density and gloss. Numerical results
are given in Table 3 and these are plotted in graphic form in
Fig. 5, curve A representing the variation in gloss value with
density for Iris D, curve B for Azo K, and curve C for carbon black
glossy.

TABLE 3
Sample Density Gloss
IsD.............. .00 .22
.36 .39
.70 .85
1.02 2.00
1.30 3.25
AzoK.............. 0 4.30
.59 22.8
: .92 51.0
1.30 135.
1.70 307.
Carbon Black Glossy. .0 31.2
.40 29.5
.70 72.3
1.07 157.
1.55 569.

These results make it very evident in the case of photographic
papers at least that some specification of the condition of the
material under which the gloss measurement is made must be
given. For photographic papers, it seems most logical to specify
that gloss measurements be made on a sample which has been
fixed out without exposure, washed, and dried in the usual manner.
In the case of a photographic print which is made up of areas
differing widely in density, usually from the minimum to a maxi-
mum density obtainable with the material, it is evident that no
single gloss value applies to the entire surface, that is, gloss varies
from point to point depending upon the density. While this makes
it impossible to establish a fixed value of gloss to a photographic
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paper without specifying the value of its diffuse reflecting power,
such a procedure seems to be in harmony with our fundamental
concept of the term glossiness.

At first thought it may seem more logical to assume that a given
surface should have a specific value in gloss regardless of other
factors such as density, but a careful consideration of the problem
leads us to the conclusion that our judgment of glossiness is very
vitally dependent upon the diffuse reflecting power of the surface.
Of two surfaces having equal values of specular reflecting power,
the one having the lower value of diffuse reflecting power will
undoubtedly appear the more glossy. It has been suggested
that in order to avoid the dependence of gloss upon the density,
an absolute value of specular reflecting power be taken as meas-
urement of gloss. Such a procedure would seem to be in direct
opposition to the fundamental concept of the word glossiness.
As an illustration of this, let us consider the case of two equally
well groomed horses, one black and the other white, seen under a
brilliant illumination such as a clear, sunny day. It is probable
that the value of specular reflection in the two cases is approxi-
mately equal and the high lights produced by the specular reflec-
tion of the sun would be of about the same brightness while it
is undoubtedly true that a great majority of judges would say
that of the two the black horse had the more glossy coat. Careful
examination of samples prepared by exposing pieces of the same
photographic paper to various extents and developing so that a
series varying in reflecting power was obtained, indicates that
glossiness increases as reflecting power decreases. The magnitude
of the increase in glossiness, however, is not proportional to the
increase in the value of gloss as previously specified. The correla-
tion of the subjective sensation with the stimulus remains to be
accomplished. It is probable that a method similar to that used
in other fields of visual sensitometry involving the determination
of the magnitude of change in the stimulus required to produce a
just noticeable difference in the sensation will yield the desired
results. The conclusion that our judgment of glossiness is a
function of contrast seems inescapable and therefore in the case
of photographic papers gloss must undoubtedly be dependent
upon density.
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GL0oss MEASUREMENTS ON DEVELOPING-OUT PAPERS

A satisfactory method for measuring and specifying gloss having
been developed and the effect of various factors upon gloss having
been determined, a large number of samples of commercial
developing out papers were measured. As stated previously,
certain words and phrases are at the present time used to desig-
nate in a qualitative way the gloss of such materials. There are
a large number of such terms in use but the four most commonly
used are “matte,” ‘“‘semi-matte,” ‘‘semi-gloss,” and ‘“glossy.”
In Table 4 are given the results of the measurements. In column
1 is given the trade name of the material and in column 2 is the
term used by the manufacturer in designating the gloss character-
istic of the surface, while in column 3 are the gloss values obtained
by measuring under the standard conditions previously outlined.

The samples were prepared by taking an unexposed sheet of
the material, fixing it out in a clean, fresh, acid fixing bath, wash-
ing, and drying in the usual way. These samples were then
mounted by the dry mounting process on sheets of aluminium
about 1/16 of an inch thick. This method of mounting was
found to be necessary in order to obtain precisely repeatable
results. It is absolutely essential in doing precise work of this
kind that the sample be mounted in such a way that it is held
perfectly flat and smooth. If precautions are not taken to obtain
perfect flatness very slight variations in the planeness of the
sample introduces variations in the readings which are serious,
especially in the samples having relatively high gloss. By using
care in preparing the samples, it was found that values can be
repeated from time to time to within approximately +49;. The
first value given in Table 4 is that for magnesium carbonate. This
sample was prepared by taking a block of the material, and
carefully scraping the surface with a steel straight edge. It will
be noted by comparing the value of gloss with the terms used in
the description of this factor that surfaces having values up to
.67 are described as matte or carbon, while values ranging from
1.57 to 2.78 apply to surfaces described as ‘“‘semi-matte”’ or
“smooth.” Only two surfaces designated as ‘“‘semi gloss’’ were
measured and for these the gloss value was 4.3. The range from
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TasLE No. 4
1 2 3
No. Name Surface Gloss
1 Magnesium Carbonate......... Matte................ .10
2 AzoA... ... Carbon............... .20
3 ArturalIrisD................. Matte................ .22
4 Bromide Matte Enamel. ....... Smooth Matte......... .23
5 ArturaIrisC................. Smooth Matte......... .30
6 Artura AegisNo. 2............. Smooth Matte. ...... el .30
7 Velox Carbon................. Matte................ .32
8 AzoB.............ll. Rough................ .38
9 AxoAA........ ...l Carbon............... .40
10 Velox Portrait................ Smooth Matte. ..... .. .43
11 Carbon Black................. Rough Matte.......... 44
12 Carbon Black................. Matte................ .67
13 ArturaIrisB................. Semi Matte........... 1.57
14 Bromide Standard B........... Smooth............... 1.87
15 ArturaIrisA................. Smooth Semi-Matte.... 2.00
16 Velox Velvet.................. Semi-Matte........... 2.47
17 Az E................ .. ... Semi-Matte........... 2.78
18 AzoK........... ... Semi-Gloss............ 4.30
19 Bromide Velvet............... Semi-Gloss............ 4.34
20 AzoC.......oiiii Glossy................ 14.5
21 Bromide PMC No. 1.......... Glossy................ 229
22 AzoF...............oil Glossy................ 23.8
23 Velox Glossy................. Glossy................ 24.8
24 Carbon Black................. Glossy................ 31.2
25 Bromide Enameled. ........... Glossy................ 32.2
26 Solio Ferrotyped.............. Glossy................ 66.3

NOTE: The values in this table were determined on samples taken at random

from stock and do not represent the standards for the materials indicated.

14.5 up to 66.3 applies to those surfaces designated as “glossy.”
Before reaching a final correlation between the numerical gloss
values and verbal descriptions of the surface, it would be well
to examine a much larger number of surfaces. However, on the
basis of those already examined, the following classification is
proposed.
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In the following table are given the numerical ranges of gloss
value which apply to the various descriptive terms. It is obvious
that there is no distinct line of demarkation between the various
classes, but it is convenient from the practical standpoint to make
a more or less definite division of the scale. The point separating
the classes designated as ‘‘semi-gloss’” and “gloss” is indicated
as 7.0. This is a rather rough estimate since but few surfaces
designated as semi-gloss have thus far been examined. It is
possible that more complete data on the subject will make it
necessary to alter the division point between these two classes,
but at the present time it is thought that the value chosen is
approximately correct.

TasLE No. §

Deecriptive Term Range of Numerical Values
Matte............... 0t 1.0
Semi-Matte.......... 1.0 3.0
Semi-Gloss........... 3.0 7.0
Glossy.....oovvuuenn. 10.0 [+

In order to show the relation between gloss values and the
distribution curve of the light reflected from the surface, it may
be well to show graphically some of these distribution curves. In
Fig. 6 are shown the distribution curves for samples Nos. 2 and
12, these representing the high and low gloss values for the matte
class of surfaces. These distribution curves were determined by
illuminating the sample normally with parallel light and measur-
ing brightness at various angles as indicated by the abscissae
values. The ordinate values are in terms of relative reflecting
power, the reflecting power of the magnesium carbonate surface
under normal illumination and observation being taken as 1007%.
In Fig. 7 are shown the distribution curves for samples Nos. 13
and 17, these representing the high and low limits of gloss in the
“semi-matte” class. In Fig. 8 is given the distribution curve for
the “semi-gloss” class. Only two examples of the classification
were examined, each having a gloss value of 4.3. In Figure 9 are
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F1c. 10—Distribution curves of various classes of surface

given curves for samples 20 and 25, these representing the limits

of:the “glossy’” group.

In order to show more clearly the relation existing between the
distribution curves of these various classes of surface, the four
curves shown in Fig. 10 are given. These curves represent a
typical surface of each of the four groups, curve A being that for
sample 8 having a gloss value of .38. This value is the approxi-
mate average for the matte group. Curve B is that for sample
No. 15 having a gloss of 2.00, this again representing the average
gloss for the semi-matte group. Curve C is that for sample No.
19, being the semi-gloss material, while Curve D is for sample
No. 21, a typical representative of the glossy group.



INSTRUMENT SECTION

STANDARD RADIO WAVEMETER
BUREAU OF STANDARDS TYPE R 70B

BY
R. T. Cox

Radio communication is carried on by electromagnetic waves
- whose frequencies vary from 15 000 cycles or less per second to
3 000 000 cycles or more per second. With the constantly increas-
ing number and power of transmitting stations it is important
that apparatus be available to accurately measure the frequency
of the waves emitted by a transmitting station. Certain fre-
quencies are assigned by law to certain kinds of communication,
and the inspector whose duty it is to enforce the law must know
that his measurements are accurate.

In the widely varied fields of scientific research in which use is
made of radio-frequency current, the requirements are even more
exacting, both as to range and accuracy of measurement, than
in actual radio communication.

A circuit composed of a capacity and inductance is resonant to

electric vibrations of a frequency f= 21'_71?6 where f is the fre-

quency in cycles per second, L the inductance in henries, and C
the capacity in farads. Thrown into a more suitable working
form, the equation is:

= 159 150
vV Lp(C+Co)

in which f is the frequency in kilocycles per second, Lp the pure
inductance of the coil in microhenries, C the capacity of the con-
denser in micromicrofarads, and C, the effective capacity of the
coil in micromicrofarads.

Such a circuit, with the condenser variable, is, when calibrated,
a wavemeter and may subsequently be used to measure the fre-
quency of any electric vibration within the range of variation of

the instrument.

162
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The Bureau of Standards has for a number of years been evolv-
ing for its own use standard radio wavemeters for use in testing
commercial instruments and in radio research. The latest model,
type R70B, is described in this paper and is shown in Fig. 1.

FiG. 1—Standard Wavemeter, Type R-70-B

1. Variable condenser 8. Mercury wells and links

2. Handle of variable condenser 9. Leads from condensers to coil

3. Screw, clamping condenser handle 10. Glass uprights supporting leads

4. Slow motion device 11. Metal upright

5. Window for reading scale 12. Ground wire

6. Fixed mica condensers 13. Standard inductor (glass core)

7. Fixed mica condenser, capacity 0.001 14. Single turn to indicate resonance
microfarad 15. Thermo-galvanometer

The variable condenser is of the Bureau of Standards type!
with the following modifications. The top of insulating material

1 Bureau of Standards Circular No. 74, “Radio Instruments and Measurements,”
p. 120. .
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and metal has been replaced by a top entirely of metal. This top
is nickel plated with dull finish. The dull finish protects the eyes
of the operator against glare and offers an appearance more sightly
than would a bright surface which could not be polished properly
without disrespect to the condenser. The insulating part of the
handle has been made shorter and the handle itself made longer-
The handle axis is pierced by a vertical screw by which it can be
clamped to the condenser shaft or released from it and rotated
freely. With this device the handle need never obstruct the view
of the scale or enter the field of the wavemeter leads. The vertical
screw requires more force to clamp and release than would a
horizontal screw bearing against the condenser shaft, but it escapes
the tendency the latter device has to cant the handle. The scale
of the condenser has graduations much narrower than the scales
used on Bureau of Standards condensers previously made. The
graduations are continued to 190°. This is to enable the vernier

to function over the range between 171° and 180°. The vernier
is engraved on a block beveled down to avoid parallax. The
block extends to the rear in a flat spring by which it is securely
pinned to the condenser top. The beveled edge rests lightly on
the condenser scale. The 0, 5, and 10 marks on the vernier are
extended and numbered and an extra division is laid off on either
side of the 0 and 10 marks to aid in reading fractions of 01 and
0°9. This is a very doubtful advantage inasmuch as it is a little
bewildering to read and sometimes causes errors of one degree. A
reading glass is used in reading the scale. A slow-motion mechan-
ism, shown in Fig. 2, has been attached to the condenser. An arm,
extending: from the rim to the center of the condenser top, is
pierced to encircle the condenser shaft, to which it can be clamped
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by a screw. The arm and the condenser shaft so clamped can
then be rotated through a limited traverse by a screw at the rim
of the condenser top. The condenser bearings, through which
contact is made between the movable plates and the shield, are
steel on phosphor-bronze, lubricated with powdered graphite.
The slow-motion device makes it feasible to have the bearings
tighter than would permit precise settings without the device
and thus to eliminate all detectible vertical play of the condenser
shaft. The condenser shares the following features with other
Bureau of Standards condensers. It is assured a constant calibra-
tion, with proper care, by its rigid construction, its shield, its
unimpeded traverse through 360° without stops which jar the
plates out of alignment, and its all but total lack of any dielectric
except air. It has large semi-circular plates, not sheared at one
edge or rounded at the corners, which give it a capacity calibration
curve very nearly linear from 5° to 170°. The resistance is kept
at a negligible value by the elimination of all insulating material
except three short Pyrex glass rods which insulate the fixed plates
from the movable plates and the shield. The condenser has a
maximum capacity of 0.0012 microfarad.

Fixed mica condensers are used to supply additional capacity.
Four shielded condensers are used having capacities of 0.001,
0.002, 0.004, and 0.008 microfarad respectively. None of them
has a phase difference greater than 5 minutes at 500 000 cycles a
second. The high-potential terminals are rods extending up to
the level of the top of the variable condenser and ending there in
mercury wells. Four more mercury wells are in a projection from
the high-potential terminal of the variable condenser, and by
means of interchangeable links between the wells any combination
of fixed condensers may be put in parallel with the variable con-
denser. The fixed condenser of 0.001 microfarad is raised on a
metal column in order to shorten its high-potential lead and thus
diminish any undesirable capacity effects that might result from
a long lead. Such effects will be less important with condensers
of greater capacity and these are not raised but left at the lower
level where they are not in the immediate field of the leads joining
the condenser to the inductor.
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These leads are of 1.6 mm (1/16 inch) brass rod, enclosing
a square about 25 centimeters on a side. Four uprights support
the leads. The two of these on the ungrounded side are made of
Pyrex glass in order to keep the resistance low. The upright
nearest to that terminal of the variable condenser which is con-

nected to
truck on*
ing post tus BLUULIULLE. 111U SMILIUD Ul LIC LACTU LULUCUICLD altT
joined to this binding post. The fourth upright is a rod of ordinary
insulating material. The leads end in two binding posts, into
which the coil terminals can be thrust and clamped, all the coils
having terminals at the same height and distance apart.

Of the seven coils to be used with this wavemeter, five are
single-layer coils of polygonal cross-section like the coil shown in
Fig. 3. They are wound on skeleton frames of laminated phenolic
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material, which furnish by their open construction as near to an
air core as the requirements of rigidity and strength permit.
They are wound with silk-covered “high-frequency cable”
(litzendraht wire) each strand of which was tested for continuity.
The turns of wire are laid in notches in the coil frame. The binding
posts are securely pinned to the frame to prevent their working
loose and twisting the wire. The shape of the coils is the result of
compromise between considerations of low resistance, low effec-
tive capacity, and mechanical convenience. It may be shown
that of all single-layer cylindrical coils with a given inductance
and a given spacing between adjacent turns that one will have the
least conductor resistance whose diameter is approximately 2.46
times its length of winding.? On the other hand the effective
capacity of a single-layer coil is roughly proportional to its
diameter and can hence for a given inductance be reduced by
decreasing the diameter and increasing the length of winding to
compensate. Since the resistance of the coil does not begin to
increase at any very startling rate until the coil is made longer
than it is wide, the shape may be varied until the length is as
nearly equal to the diameter as is convenient mechanically.
Among the five coils under discussion the average ratio of coil
diameter to length of winding is about 2.1. These five coils
range in inductance from 10 to 5000 microhenries. The lower
limit is imposed by electrical considerations, the upper by mechan-
ical considerations.

A coil wound on a skeleton frame similar to those of the single-
" layer coils but having three spaced layers and designed to have
an inductance of 23 000 microhenries is now being made. For
a higher inductance a coil bank-wound with high-frequency cable
(litzendraht wire) on a Pyrex glass cylinder is used. The induc-
tance of this coil is 128 000 microhenries.

The combination of condensers and coils described furnishes a
range of wave-lengths from 65 meters to 85 000 meters, or, ex-
pressed in frequencies, from 4 600 000 cycles a second to 3500
cycles a second.

* Bureau of Standards Circular No. 74, “Radio Instruments and Measurements,”
p. 290.
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To indicate resonance, a single turn of 1/8 inch brass rod is
coupled to the wavemeter coil. The terminals of this loop end
in mercury wells fastened at the bottom of an insulating cup.
Ordinarily a sensitive thermo-galvanometer rests in this cup with
its terminals dipping in the mercury wells. When greater
sensitiveness is desired, this instrument is exchanged for a thermo-
element with leads to a wall galvanometer. This turn is fixed
so that its coupling with any one coil of the wavemeter is always
the same. It is grounded on the side nearest the condenser.

The carriage on which the wavemeter is mounted is a modified
form of the ordinary hotel dish truck or carriage. It has a strong
iron frame, which is grounded. The wheels are six inches in
diameter and rubber tired. All of them are of the swivel type and
have ball bearings at the swivel. The top of the truck is a heavy
slab of maplewood. To it are screwed the fixed and variable con-
densers, the uprights supporting the leads, and the single turn
used to indicate resonance. Rubber cushions are under the
variable condenser to absorb shocks.

Although the wavemeter described represents the experience
of the Radio Communication Section of the Bureau of Standards
as a whole, its design is more especially the work of Mr. J. L.
Preston.

BUREAU OF STANDARDS,
WasHINGTON, D. C.



MERCURY LUBRICATED RESISTANCE BOX PLUGS

BY
J. R. RoEBUCK
SyNoPsIS
. Electrical Resistance Box Contacts

(1) Taper plug contacts are unreliable for careful work as their resistance varies
with the chance position, firmness of seating, condition of contact surfaces, and use of
neighboring contacts;

(2) Mercury cup contacts have the mechanical disadvantage of the spread of mer-
cury over the surfaces and through the metal, and the electrical disadvantage of varia-

ble resistance due to the difficulty of keeping the mercury path constant.

(3) Taper plug contacts when lubricaled with oil have much more steady but
materially higher resistance.

(4) But when made of copper and Jubricated with mercury, the contact resistance
is greatly decreased, to 4 of that of clean metal surfaces, and also becomes much more
constant. The resistance of the contact is only slightly dependent on tightness of
seating and on age; the contact surfaces do not cut, or squeeze out; they cement them-
selves together but may be separated without damage. Resistance may be trusted to
10 ohms.

(5) The design of sets of contacts should be such as to give great strength and inde-
pendence between contacts. Several designs are illustrated. )

It is an ordinary experience to find that the limiting errors in
measuring a resistance is the variable resistance of the taper plug
contacts. These are usually made of brass and fit into seats
between brass blocks which are held in position by screws through
a plate of hard rubber. Two distinct difficulties appear; (1) the
plug when removed and replaced has a different resistance, and
(2) the shift of one plug alters the resistance of its neighbors on
account of the shift of the brass blocks on the hard rubber sup-
port, altering the contact pressure. These effects become greater
in magnitude as the contact surfaces become scored, oxidized or
dirty.

Work of high precision such as called for in platinum resistance
thermometry is impossible with such contacts. The required
constancy is obtained by using copper links dipping into mercury
held in copper cups, or in some special cases, by using sliding con-
tacts. In the course of a long experience with such mercury cups,
a number of difficulties have been encountered. The mercury

169
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spreads gradually over the whole surface of the copper, and ulti-
mately reaches the necessary soft soldered connections. The
mercury often forms a siphon over the walls of the cups and they
empty themselves in a few hours. Or it may work through the
copper and the cup leak; so that it has been found advisable to
set these cups in some mercury resistant material, like hard
rubber. If two cups are on a different level, the link acts as a
siphon, emptying one cup into the other. The exposed surface
of the mercury becomes covered with a black layer, presumably
of copper oxide, so that it is necessary to keep the links sub-
merged in the mercury except when actually in use. An appar-
ently crystalline material forms around the rim of the cup and
requires cleaning out occasionally, altho it has no great effect on
the resistance. The resistance of mercury being some sixty times
that of copper, the resistance of the contact varies with the
position of the link in the cup, so that it is usually recommended
to use a flat surface on link and cup and hold them together.

The spread of the mercury over the copper surface is retarded
less by varnish than by using an oxidized surface, such as formed
by heating the clean copper surface in the air. The spread may
be still more effectively stopped by plating with iron.! Annealing
in a vacuum, even at 100 degrees C, drives off considerable of the
hydrogen and leaves the iron softer. The iron coat may be pro-
tected from oxidation by varnish or lacquer.

It has been found that lubricating? the brass plugs with oil or
vaseline, while it increases the actual resistance, reduces its vari-
ability greatly. The explanation is apparently that when un-
lubricated the two similar metals soon cut each other, forming
burrs and grooves, so reducing the area of contact. The forces
involved when the plug is turned in hard are very considerable.
If the plug be well fitted and kept lubricated, the cutting is
eliminated; the surfaces in contact remain unchanged over much
longer periods and the resistance consequently is not subject to
as great variations.

! Watts, Trans. Am. Elec. Chem. Soc. 25, p. 529, 1914.
1 Manley, Phil. Mag. (6), 33, 211, 1917.
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If mercury could be used for lubricating the plug, the advantage
gained by lubrication might be retained; the mercury being a con-
ducting liquid should decrease the contact resistance and the
absence of a mass of mercury should avoid some of the cup diffi-
culties. It is very probable that this has been tried, but the
writer has not found any record of it. This account may be of
value to some workers.

The choice of metal for plug and seat falls immediately upon
copper, since in the first place, it does not introduce a new metal
into the circuit, and in the second place, while mercury wets
copper readily, it does not sink into it and disintegrate it, as it does
—for example—with zinc or brass. To try out the possibilities,
several sets of plugs and seats were made up and as no serious
difficulty arose in their use, the set shown in Fig. 1 was built for
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measurement. The plan drawing is to the scale shown below it,
and the blocks were 17/32’ thick. The insulator shown cross
hatched was bakelite fiber which soon proved quite unsuitable
as it changes size with change in hygroscopic conditions. Mica
fills the requirements perfectly when used to separate the blocks.
The steel bolts are insulated by a sheath of hard rubber 1/16”
thick. The insulation was tested by applying 110 volts to adja-
cent blocks, without the galvanometer showing any deflection.
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The bolts were screwed as tight, it was judged, as they would
stand without stripping. The plugs tapered from 9/32"" to 13/16”
giving a conducting section of 0.2X17/32" while the length of
the conductor is }8".

For comparison a very similar conductor, Fig. 2, was formed
by cutting two }§"" wide slots into a block of copper leaving a neck
with close to the same dimensions as the plug in Fig. 1.

Holes of less than one millimeter diameter were bored as repre-
sented ata, b, ¢, d, e, and {, and filled with mercury. A measured
current was led in and out by inserting wires into the end holes.
The potential drop between holes on each side of a neck or plug
was measured by connecting the holes to a galvanometer of 1.1 X
10-? volts per mm sensibility and 55 ohms resistance. The cur-
rent was adjusted to give convenient readings and varied from
0.05 to 4 amperes. Deflections were read by reversing the cur-
rent. .

The resistance figured from the dimensions of the neck in Fig. 2
was 0.7 X 10-* ohms. The resistance measured as described above
was 1.09X10-¢ ohms. The difference outside of the rather large
error is the resistance of the approaches to the neck.

The plugs of Fig. 1 were ground in to make a good fit and were
freshly cut, clean and bright. The plug was seated firmly and the
resistance read as 32.0X 10-¢ ohms. Reseated it read 9.5 X 10-¢,
while the smallest resistance obtained was 6.26 X 10-¢ ohms. The
voltage drop was much more sensitive to the firmness of setting
than later when amalgamated. _

The plugs were then amalgamated thoroughly by dipping
in hot mercury, having melted resin on its surface. After cool-
ing and cleaning, they were placed in their seats and without
waiting for the seats to amalgamate, the resistance was read
as 5.0X10-* ohms. The plugs were left in place except for
dipping in fresh mercury and reseating occasionally, for several
days, by which time the seats were thoroughly amalgamated also
and the resistance had fallen to 2.0X10-¢ ohms. Assuming that
the plug and the neck are alike in dimensions, the contact resis-
tance unamalgamated is 6.17 X 10-¢ and amalgamated 0.91 X 10-¢
so that amalgamating dropped the contact resistance by a factor
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of 6.8. This is a very great advantage over lubricating with oil
which increases the contact resistance.

The thickness of the mercury film depends on how firmly the
plug is set in its seat. The specific resistance of mercury being
about sixty times that of copper, the contact resistance should be
lowered by forcing in the plug. When the plug was wet with
fresh mercury, the variation between loosely and firmly set was
15-209%,, amounting to 0.3X10-¢ ohms. With a little attention
to setting the plugs firmly, this variation need not exceed 0.1 X
10-¢ ohms. The mercury on the copper gradually becomes pasty.
Its removal by fresh mercury will produce variations of about the
same magnitude (15%,—209,), so that such a contact could be
trusted to a millionth of an ohm with certainty. This is better
than is needed for almost any resistance thermometry work, and
is much better than other factors e.g., steadiness of coils with
time, temperature effect on coils or perfect compensation of
leads.

Since this test performance was so good, a set of 12 plugs (Fig.
6) was made up and has now been in use about 18 months. The
performance has been equal to the promise and justifies a more
complete discussion.

The mercury evidently lubricates the surfaces and prevents the
cutting. The surfaces on the plugs are as good as when first
amalgamated. If they had not been amalgamated, the amount
of service they have received would have left them all scored.
The cutting is practically eliminated.

The mercury does not soften the surface of the copper as might
be feared. No plug has been found to work into its seat by an
observable amount and with the slight taper a small amount of
squeezing out would show immediately.

Since the mercury fills the whole volume between the copper
surfaces, the effective conducting contact is very constant. For-
eign material is pressed out when the plug is inserted which ejec-
tion is aided greatly by the surface tension of the mercury. When
the plugs are used over a kerosene bath, they become spotted
with small areas of a black oily like substance. It is too adherent
to be wiped off with absorbent cotton, but is readily removed with
a rough paper leaving the amalgamation unimpaired.
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When the plug only is amalgamated, it sets itself firmly in the
seat in the course of a few hours so as to require loosening with
pliers. The effect decreases steadily with time but never entirely
disappears. Even after a year or more, if the plugs be seated
firmly and left a month or two, they become too firmly held to be
loosened by the fingers, but yield readily to the pliers. No plug
has been injured by the force required to unseat it, nor are the
surfaces apparently injured in any way. Beyond some slight
inconvenience it does not seem to be material. The plug when
seated firmly has only a slightly different resistance when loosened
and reseated firmly.
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The standard design of resistance boxes where the metal blocks
are mounted on a plate of hard rubber, is not the most satisfac-
tory. The blocks are not held firmly enough, and mercury or
metallic scum might readily form short circuits. *Much stronger
and more satisfactory designs are those represented in Figs. 3, 4, 5,
and 6. In case one wishes a design where the removal of one plug
cannot possibly affect any others, Fig. 3 satisfies such a require-
ment. It is, however, much bulkier and requires more parts than
the other designs. In designs Fig. 4 and S, it is conceivable that
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the shift of one plug might affect the one on either side. The
experiments described above showed, however, that the mercury
covered plug was much less affected by tightness of seating than
when dry. Also if the 14’ steel bolts are drawn up as tight as
their strength will justify, the forces involved in seating the plugs
are very much smaller, so that design Fig. 6 should be satisfactory,
and experiment has shown it to be so. The resistance of a seated
plug as actually measured is independent within the limits given
. above of the condition of the neighboring plugs. A set of 12 plugs
like Fig. 6 has been in use now for a year and a half and has
proved very satisfactory.
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In the first designs as in Fig. 1, space was left on each side of
the plug and the slot was enlarged to allow keeping the insulator
clean and the slot free from metallic deposit. It was found, how-
ever, that no deposit formed, so that it is quite safe to bring the
end of the mica insulation nearer the plug as is done in Fig. 3-6,
and it would also probably be safe to cut the slot to 3/32"” or
even 1/16".

The spread of the mercury over the copper may be practically
stopped by using oxidized surfaces, since there is no large supply
of mercury at hand to spread. This may also be aided by bevelling



176 J. R. RoEBUCK [J.O.S.A. & R.S.I, VI

out the top of the taper hole slightly and by making the plugs long
enough to project at least 1/16”” below the copper blocks. Under
these circumstances the drop of mercury hanging on the tip of
the plug has little tendency to spread to the copper blocks, nor
is there much likelihood of the mercury forming a bridge between
the blocks.

Designs Fig. 3 and 4 have to be supported through insulators
but those of Fig. 5 and 6 may be supported from the bolts as indi-
cated in Fig. 6. The strip of steel is continued across below the -
plugs and the coils hang from threaded soldered connections,
indicated at the rounded ends of the bars. As an additional
fence for the mercury these rounded ends were wound with silk
floss and then saturated with thick shellac varnish.

This means of connection for the coils could also be used in
Fig. 5, but in Fig. 3 and 4 such connectors would be put preferably
into the sides of the blocks, one connection for each coil terminal,
so that the connection is through the body of the copper block
whether the coils are in use or not.

PHYSICS LABORATORY,

UNIVERSITY OF WISCONSIN
Magzcr, 1921.



A HIGH-VOLTAGE STORAGE BATTERY FOR USE WITH
ELECTRON TUBE GENERATORS OF RADIO-
FREQUENCY CURRENTS

BY
E. L. HALL AND J. L. PRESTON

The purpose of this paper is to give some information in regard
to a high-voltage storage battery which has been used by the
Radio Laboratory of the Bureau of Standards for over four years
and has given excellent service. There have been many calls for
information upon this subject and it is hoped that this paper may
answer some of these inquiries. The present apparatus is subject
to further improvements. At the close of the paper are given
recommendations for several changes which seem desirable. The
particular batteries to be described are used to furnish plate
current for a generator of undamped radio-frequency currents.
The electron tube used is either a Western Electric VT-2 or a
General Electric Type P pliotron, or their equivalents. The
current for the first tube may range from 5 to 30 milliamperes
while for the latter tube it may be 150 milliamperes depending
on the plate voltage used. It is necessary that a constant current
of small value be available.

The individual elements composing this battery are made by
The Electric Storage Battery Company, being their type LT
Chloride Accumulator. The following data are taken from the
catalogue of the above company:

Type Sise of Number of Discharge in Amperes
Plate Plates
For: 8 Hrs. 5 Hrs. | 3 Hrs.
1

LT......... 3K%"x1"” 2 ¥ A ‘ 2%
N Dimensions of Glass Jar 8 Weight in Pounds _

Rate Length Width Height Electrolyte ‘ Cell Complete

Amperes
% 1 %u l% ” 4§ /8 ’” % ‘ %

177
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The batteries were made up using twelve cells per row and four
rows to the tray, giving about 100 volts when charged. Fig. 1
shows the arrangement as employed at present with one excep-
tion which will be mentioned later. Wooden trays were made
up of 33-inch lumber measuring 1114 by 19 by 4 inches deep.
Legs 134 inches long were placed at each corner. Vertical
supports 12 inches high were fastened at each corner of the
tray so that the trays might be built up in stacks if desired
thus occupying a minimum of floor or table space. The trays
were given two coats of black insulating varnish, allowing plenty
of time for drying between coats.

Fi16. 1—View of 100-volt storage battery tray arranged to permit stacking of other trays

Melted paraffin was poured into the tray and allowed to harden.
The glass jars, the tops of which had been dipped in paraffin for
about an inch down the side, were then put in place and one end
of the tray blocked up about 2 inches. More paraffin was poured
in until it came within about 1 inch of the top at one end and
about three inches from the top at the other end. After the
paraffin hardened and the tilting blocks were removed a sloping
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surface resulted which is convenient for washing out any acid or
dirt. A flared glass tube was put through the bottom of the tray
at the lower end to drain off any water or acid.

As shown in the photograph the plates for the battery come in
pairs consisting of one positive and one negative plate joined by
a lead link, the plates going in adjacent cells and being supported
by the lead link. The battery was made up in such a way that
its terminals were at the opposite end from which the tray is
drained. This is the chief point of variation of the battery as now
employed from that shown in the photograph.

Chemically pure sulphuric acid is diluted to bring the specific
gravity to 1.210. Directions for mixing the electrolyte may be
found in any handbook on storage batteries. The electrolyte
in the jars should come about one-fourth inch above the top of
the plates.

Paraffin covers were made for the cells. The majority of covers
in use consist of one long cover for each row of cells. The paraffin
was poured into a wooden mold or trough about 114X 1814 inches
forming a piece about 14 inch thick. While the cover was still
warm, it was removed from the mold and placed on top of the
row of cells where it was pressed down and conformed to the
tops of the jars and lead links. In the center above each jar a
considerable depression was made and a small hole made for
gases to escape. This method gives a convex surface to the under
side of the cover so that the spray forming when the cell is charg-
ing collects on the cover and forms droplets which are returned to
the electrolyte. As would be expected the covers have reduced
the evaporation greatly in addition to keeping dust out of the
cells. When the batteries are on charge no spray or fumes are
noticeable in the room. The paraffin cover is not shown in the
photograph.

Each terminal of each battery comes out to the blade of a
single-pole double-throw switch mounted on the vertical supports
of the tray. The lower terminals of all positive terminal switches
are connected together, the same being true of the negative ter-
minal switches. By throwing all of the switches downward, the
batteries are placed in parallel either for obtaining 100 volts or
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for charging from the 110-volt direct current mains. The bat-
teries are connected directly to the 110-volt mains through small
fuses when charging. The upper terminals of the switches are
connected in series, positive to negative, and have suitable binding
posts attached to each pair of switch terminals for the wires from
the radio-frequency generator. By a suitable throwing of switches
any voltage from 100 to 600 may be obtained with these batteries.
The voltage obtained of course depends on the number of trays.
When operating the larger electron tube, three of the batteries
may be in use while the other three are being charged.

Quite a number of these batteries have been used by the Radio
Laboratory of the Bureau of Standards and they have been en-
tirely satisfactory for supplying a small constant current such as is
necessary for electron tube generators. To obtain best results
the batteries must be given some attention to see that the jars
are kept filled with distilled water to a height somewhat above the
top of the plates and are charged from time to time. How often
the batteries are charged depends on how much they are used.
It is preferable to charge them oftener and keep them well charged
than to use them to the limit, charging them only at wide intervals
or when nearly run down. The trays should be washed out once
in two or three weeks with clean water to remove any collected
acid or dirt.

As has been previously stated, storage batteries of this general
type (using same type of element) have been in use in the Radio
Laboratory for over four years. While no definite data have been
collected to show the useful life of such high-voltage batteries
some very conservative estimates may be given. The life of such
batteries is greatly influenced by the care afforded them. Good
care includes keeping the jars and wax free of acid spray and dust;
keep jars properly filled; keep within the proper ampere-hour
charge and discharge rate; and if batteries are not normally used
at the specified discharge rate, they should be exercised about
every two weeks by discharging, through a resistance, at the
proper discharge rate and then recharged. Batteries of this type
which have been given proper attention have been in use for over
four years and are yet quite serviceable. Others have gone to
ruin in six months for want of care.
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RECOMMENDED CHANGES IN CONSTRUCTION

The wooden tray should be provided with a lining of sheet lead
of 1/16 inch or less in thickness. This could be made up and
dropped into the wooden box, all seams being sweated together.
The inside of the lead box should be painted with insulating
varnish. The lead box will protect the wood from the action of
the acid, which seems to creep through the paraffin to some
extent. If the lead box is used in the construction of the trays,
precautions should be taken to prevent current leakage down the
side of one cell, across the lead sheet and up the side of another
cell. Careful painting of the inside of the lead box with asphaltum
varnish and the precautions mentioned in the following paragraph
should eliminate any such trouble.

In the present battery the individual jars in a row are set
without any space between them. In very warm weather this is
apt to cause the row to buckle as has been noticed. The worst
feature of this construction, however, is the creeping of acid and
moisture down between the glass jars. When the paraffin is
first poured in, it is difficult to get it in between the jars thor-
oughly. This may permit acid and water, when the trays are
washed out, to collect between the jars and work its way between
the first and second layers of paraffin and out to the wood box.
Some leakage of current also may take place. Hence the following

- method of construction is suggested. In setting up the battery
allow a separation of 34 inch between the jars in each row with
the present spacing of one inch between rows. This will allow the
paraffin to flow readily in between and around all jars. While the
paraffin is still in the liquid state if it is splashed up around each
jar a tight seal should be produced.

Individual covers for each cell could easily be made of paraffin
which would cover the cells more tightly than the covers used at
present, and still further reduce the evaporation and probable
current leakage from cell to cell. An advantage of having one
cover for each row of cells is that each row may be readily inspected
as to the condition of the individual cells in the minimum of time.
A possible disadvantage is the current leakage from cell to cell
along the cover but this condition if present does not seem to
seriously affect the performance of the battery.
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Fig. 2 shows the general features of construction.

DIMENSIONS OF TRAY

Approximate Rows Cells per| Distance Distance Tray inside Remarks
oltage Row |between rows| between cells Dimensions
100 4 12 1 0 111{X19 |Present tray
100 4 12 1 3% 1114 X241{ |Suggested size
rather un-
wieldy.

) 3 8 1 3% 814X163{ |Suggested
size too low
voltage.

100 ) 10 1 33 1314 X20)% |Suggested
size. b

FIVE ROWS OF 10 CELLS EACH; CELLS. 1/2%1)Bx4 ¥ HIGH.
SPACE ROWS |~ APART AND CELLLS IN ROW ¥8"
INSIDE OF TRAY, 13/4x 2072 (APPROXIMATELY))

SIDE YiEw

SLCTION a-a.

2

==
(o

PR

ENDVIEW

F1G. 2—Schematic drawing of 100-volt 0.2 ampere-hour storage battery

BUREAU OF STANDARDS,
. WasHINGTON, D. C.



A METHOD OF TESTING PLATES FROM PIEZO-
ELECTRIC CRYSTALS

BY
W. G. Capy

The increasing interest that is being shown in the properties
and applications of piezo-electric crystals make it seem worth
while to call attention to a convenient and sensitive method for
the testing and comparison of plates cut from such crystals.
Instead of the customary electrometer or ballistic galvanometer,
a detector tube of the kind used in wireless receiving circuits is
employed. The plate to be tested is subjected to light periodic
stresses of audible frequency by means of a buzzer, and the
quality of the plate is judged by the response in a telephone re-
ceiver. Plates may be tested for either the “longitudinal” or
“transverse’ effect.! The writer has used the device for several
years in_the testing of plates of quartz, Rochelle salt, and other
crystals.

NN

Iy

F16. 1—Apparatus for testing piezo-electric plates, using longitudinal effect

Fig. 1 shows the arrangement used for the longitudinal effect.
A represents the buzzer, which should give a fairly high note,
mounted, with packing to absorb sound, in the wooden box B,
which is fastened to the base-board or table C. D is a glass tube
or rod, about a foot long and 34 inch in diameter, passing through
a hole in the end of B, and pressing against a binding post of

! For a summary of piezo-electric principles, and an account of sundry applications
see, for example, Nicolson, Trans. Am. Inst. Elec. Eng., 38, p. 1467, 1919; or Wood,

Bull. Seismol. Soc. of Am., 11, p. 15, 1921; or a forthcoming paper by the writer on the
‘“‘piezo-electric resonator,” in Proc. Inst. Radio Engineers.
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the buzzer, or some other rigid part that vibrates energetically
when the buzzer is working. Cemented to the other end of D is a
small brass block E, the end of which is cupped out as shown in
section. In this cavity fits the metal ball F, 34 inch in diameter,
ground flat on one side, and kept from falling out by a fine wire
run through a hole in its center and bent back around E. The
flat face of this ball presses against one face of the quartz or other
plate under test. On the other side of the plate is a block of metal,
G, weighing a few ounces. This is fastened to the wooden block
H, which can be moved to left or right between guides (not shown
in the figure). The left-hand end of G is tapered down, and has
cemented to it a round disc of the material to be tested, cut in
such a way as to exhibit the longitudinal effect when compressed,
of the same diameter as F and of approximately the same thick-
ness as the plates to be tested. E is allowed to rest on the wooden
block M. E and G are connected respectively to the filament and
grid of the detector tube, the anode circuit of which contains
the usual battery and telephone. A second amplifying tube
may of course be used, but is usually unnecessary.

When the buzzer is connected to a battery and a quartz plate
is inserted between F and K, the vibrations transmitted through
the glass rod will cause a periodic compression of the quartz, and
a sound will be heard in the telephone if the elctric fields in both K
and the plate are in the same direction. Reversing the plate
then causes the sound to vanish, unless the plate differs appre-
ciably from K in quality. The block G, which serves merely as a
rigid backing, may be pressed against the quartz plate by hand,
or an elastic band may be slipped around M and H. The amount
of pressure is of small consequence. The object of the metal
ball F is to insure as uniform a pressure as possible on opposite
sides of the quartz plate. Without this precaution, results are
likely to be deceptive.

A quartz plate of any size may by this method be quickly
explored, and changes in polarity or marked variations in -the
piezo-electric constant will be readily detected. Roughly quanti-
tative results may be obtained with an audibility meter. Plates
do not have to be ground with special care before being tested.
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For the transverse effect the same apparatus is used, slightly
modified as shown in Fig. 2. D is here the same glass rod, set
into longitudinal vibration as before by the buzzer. E is a rec-
tangular brass block on the end of D, resting on the wooden block
H. In most cases the same block E may be used as in Fig. 1, with
the ball F removed. If two plates a, b, are to be compared, they
are laid end to end upon a small piece of tinfoil which is cemented
to H and connected to the grid of the detector tube. A block G
of any fairly dense, hard material as brass or porcelain is laid
upon H and pressed against the crystal plates. A mass of 20
to 30 grams is usually sufficient. When the buzzer is in action,
the plates are periodically compressed, and alternating electric
fields are set up in a direction normal to the tinfoil on H. These

to filament

£ : G
D a b

\WF/‘O srii

H

F16. 2—Modification of apparatus for transverse effect

fields are in the same or opposite directions according to whether
the two plates happen to agree in polarity or not. Thus when the
tinfoil-coated end of a small wooden exploring-rod N is moved
back and forth in contact with the top surfaces of the plates, the
sound heard in the telephone will be continuous if the upper faces
of both plates possess always like electric polarity. Reversing
one plate (i.c., turning it upside down, not end for end) will then
cause the sound to die out when the exploring-rod is midway over
the edge of contact of the two plates. The relative polarities and
qualities of a number of plates may thus be quickly determined.
The quality of a single plate may obviously be tested with the
same apparatus. Under some conditions the tip of the finger will
be found to serve as well as the exploring-rod and tinfoil N, to
make contact with the upper surface of the plates.

WESLEYAN UNIVERSITY,
MmDLETOWN, CONN.



AN ELECTRON TUBE AMPLIFIER FOR AMPLIFYING
DIRECT CURRENT
BY
H. A. Snow

In various fields in electrical work, particularly in radio work,
it is important to have a relay possessing negligible time lag,
capable of operating on small impressed currents, of the order of
10 milliamperes. Such a device may be found useful, for example,
in recorders for registering telegraphic or radio signals, in appara-
tus for remote electrical control, in railway signaling work, and
for operating an oscillograph from a source of very small current.

The following paper describes a resistance coupled electron
tube amplifier designed to amplify a direct or alternating current
of 10 to 20 milliamperes to 110 to 200 milliamperes to take the
place of a special type of polarized relay at present used for this
purpose. The conditions under which the relay operates and
which are imposed on the amplifier follow:

CONDITIONS
The current operating the relay is either an alternating current
of 10 to 20 milliamperes at a frequency of about 40 cycles or a
direct current of the same magnitude in either direction, both of
which are applied intermittently from a high impedance source.
The input impedance of the relay is about 750 ohms with an al-
lowable increase to 1000 ohms. The impedance of the output
circuit is S0 to 100 ohms. When a direct current in a given
direction is supplied to the input of the amplifier, an amplified
direct current will be produced in the output circuit. When a
direct current in the opposite direction is supplied to the input,
an amplified direct current in the opposite direction will be
produced in the output circuit. The amplifier will amplify alter-
nating currents of either low commercial frequencies or high radio

frequencies with very little distortion.

TuBES

The electron tubes selected for the amplifier tests were UV-202
Radiotron 5 watt power tubes, because of their high filament
emission and steadiness of operation with a high plate current.

186
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CIRCUITS

Since the electron tube amplifier is essentially a voltage operated
device of high impedance, it is not readily adapted for efficient
current amplification. For highest efficiency the highest possible
voltage should be produced from the input current it is desired
to amplify. The type of amplifier circuit that may be used is
limited by the fact that the input consists partially of direct
current, to a resistance coupled circuit employing the voltage
drop across a resistance for the input to each stage, so the maxi-
mum voltage available with 10 milliamperes flowing in the input
circuit is the drop across a resistance in the input circuit. The
resistance being limited to 1000 ohms, the maximum voltage
available is 10 volts. This requires more than one stage of ampli-
fication for efficient use of the tubes.
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Fic. 1—Amplifier circuits
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CIrcuIT DESCRIPTION

Two circuits each having two resistance-coupled stages were
set up and adjusted for maximum current amplification. These
circuits are shown diagrammatically in Fig. 1.

In both circuits 1 and 2 of Fig. 1:

A and B are the input terminals.

C and D are the output terminals.

E (in dotted lines) represents the impedance of the output
circuit. In these tests E was a resistance of 50 ohms.

F, G, and P are respectively the filaments, grids and plates of
the tubes.

H =First stage.

K =Second stage. For simplicity only one tube is shown in
each stage, although several connected in parallel were used.

B, and B, =38 volt batteries of sufficient capacity to supply the
filaments connected to each battery. Each tube requires 2.3
amperes.

B;=Source of grid voltage of 22 to 110 volts, according to
tubes used, capable of carrying about 40 milliamperes in a direc-
tion opposite to the voltage of this source.

B.=Source of plate voltage, 220 volts, capable of delivering
0.5 amperes.

By =40 volt battery to supply 200 milliamperes.

Bq = (circuit 2 only) 12 volt battery to supply 20 milliamperes,

R,=Input resistance of 1000 ohms. The sensitivity of the ampli-
fier can be controlled completely by varying this resistance. In-
creasing the resistance increases the current amplification and
reducing the resistance decreases the amplification.

R.=Coupling resistance of 10000 ohms to 55000 ohms,
according to number of tubes used. Both R, and R, should
have a current capacity of 30 milliamperes.

R;=Resistance which must be variable by small steps from 150
to 300 ohms, such as a slide wire rheostat. Current carrying_
capacity 200 milliamperes.

TEsTs
With the two circuits shown in Fig. 1 adjusted to give the high-
_est amplification, measurements were made of the output current
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for an input voltage of 10 volts positive and negative which cor-
responds to an input current of 10 milliamperes through the input
resistance of 1000 ohms. The current amplification, that is, the
ratio of the output to the input current, is obtained by dividing
the measured output current by the 10 milliampere input current.

RESULTS
The following table shows the amplification obtained with both
circuits, using the tubes as indicated in the first three columns
and also gives the values of coupling resistance and grid voltage
(R: and B, respectively of Fig. 1) required for best operation
in each case:

TaBLE 1
Circuit 1
Number of Tubes Output Current Current.
Total No. | First Stage [Jecond Stage R Ohms B, Volts with 10 mainput| Amplification
2 1 1 46 000 100 60 6
3 1 2 46 000 100 100 10
4 1 3 56 000 88 120 12
5 2 3 14 000 110 130 13
6 2 4 14 000 110 160 16
TaBLE 1
Circuit 2
Number of Tubes Out C t
ioall o ome | Amplibeation
Total No. | First Stage [Second Stage| R:ohms Bi volts input
3 1 2 12 000 45 70 7
4 2 2 8 000 35 90 9
5 2 3 5 000 48 110 11
6 2 4 5 000 66 140 14

1 Does not fulfil requirements.

Two curves with input voltage as abscissas and output cur-
rent as ordinates with circuit 1 and one curve with circuit 2 are
shown in Fig. 2. The irregularity of the sloping part indicates
that the input current is distorted slightly by the amplifier due
to the grid current taken by the tubes.
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DISCUSSION

Table 1 shows that in order to fulfil the conditions that the
input current of 10 to 20 milliamperes will be amplified to 110 to
200 milliamperes, the minimum number of tubes that can be
used is four tubes in circuit 1 and 5 tubes in circuit 2. Circuit 1
should therefore be the more economical to use even though
two separate filament batteries are required, because less tubes
are required and the total current capacity of both batteries

INPUT VOLTAGE VOLTS
INPUT CURRENT MILLIAMPERLS.

F16. 2—Amplifier characteristics
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required to supply the filaments in circuit 1 is less than the
capacity of the single battery required in circuit 2. Circuit 2
also requires an additional grid battery (Bs, Fig. 1) of 12 volts.

The difference in amplification of the two circuits is due to the
manner of connecting the coupling resistance (R;, Fig. 1). In
circuit 1, the grid current of the second stage tubes acts as a
regenerator, to increase the amplification for a given input cur-
rent, while in circuit 2 the amplification is decreased by the grid
current.

ADJUSTMENTS

The necessary adjustments to put the amphﬁer in proper
operating condition are:

(1) Filament Current: The filament current is adjusted by
means of a series rheostat to 2.3 amperes per tube, or the fila-
ment voltage to 7.4 volts. With an 8 volt storage battery and
low resistance leads no external resistance is necessary.

(2) Output Current: With no input current flowing, the resis-
tance R; of Fig. 1, is adjusted until the output current is reduced
to zero. The amplifier is now ready for operation.

If changes occur in the plate voltage supply or a tube is re-
placed, it may be necessary to readjust R; to reduce the output
current to zero with zero input current.

GENERAL

The plate supply (Bi, of Fig. 1) may be of any voltage between
200 and 250 volts. A 220 volt D. C. light or power line may be
used provided that the voltage does not vary more than about 10
volts.

With a plate supply of less than 200 volts the amplification
decreases rapidly, while voltages in excess of 250 overheat the
tubes and make their operation unsteady.

The above tests were all made using UV-202 Radiotron 5-watt
power tubes. Other tubes suitable for current amplification are
Western Electric type E tubes. With these tubes somewhat
less amplification was obtained, and not as steady operation
because of heating.
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SUMMARY

Two resistance-coupled amplifier circuits were constructed to
amplify both a direct and alternating current of 10 milliamperes
to 110 to 200 milliamperes magnitude, and tests made to deter-
mine the amplification for best adjustments of the circuit con-
stants.

BUREAU OF STANDARDS,
WasHingTON, D. C.



A SIMPLE FORM OF LABORATORY POTENTIOMETER

BY
H. W. FARWELL

The increasing use of potentiometer measurements makes it
very desirable to give students in general physics some laboratory
instruction which shall make clear the principles involved. In
many instances the available instruments are either the standard
box potentiometers or two similar resistance boxes. Occasionally
the ten meter potentiometer wire is found.

For the elementary student the box form is not altogether the
most satisfactory, since he can not see clearly just what the con-
nections are. Again he hardly needs at this stage instruments
as accurate and as expensive as are those sent out by the standard
makers, although he will need and appreciate them somewhat
later.

In trying to find some satisfactory and simple arrangement to
serve the purpose we decided that the most acceptable was very
easily obtained. We use a high resistance tube rheostat of the
Biddle or Beck type, say of 3000 ohms, connecting a 4 volt storage
battery across the whole resistance, and the standard cell or
unknown emf between one end and the sliding contact. Assum-
ing that the wire is uniform and uniformly wound, the ratio of
the emfs is the same as the ratio of the lengths measured from the
proper end of the cylinder to the sliding contact.

Every connection is in plain sight, the apparatus is compact
and the whole operation is as direct as can be desired. The width
of the sliding contact may easily be made smaller, but we have
not changed it as the results obtained were quite good enough
for our purpose. A comparison of results obtained by a student
with this arrangement and with a Leeds and Northrup “Student”
potentiometer will show better than anything else what can be
expected by way of accuracy.

193
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Emiby L. & N. Emf by tube
potentiometer potentiometer
Cell A 1.4781 volts 1.480 volts
Cell B 1.3193 1.322
CellC 1.0757 1.061
Cell D 1.5064 1.511

CoLuMBIA UNIVERSITY,
Janvary, 1922,



PHOTOGRAPHY OF MOVING INTERFERENCE
FRINGES

BY
AucusTus TROWBRIDGE

A rather hasty survey which I have made of the physical
periodicals has not disclosed any previous description of the
fairly obvious method of photographing interference fringes
which forms the subject of this note. A very brief description
may therefore be worth while, if only to save some one else the
trouble which I have taken in finding the proper dimensions to
enable one to obtain photographs showing satisfactory contrast
when the fringes are moving rapidly.

There is a very decided advantage in substituting a photo-
graphic film for the eye whenever slow temperature changes in
the material of the interferometer are to be feared, for, by the
aid of photography, we can record the passage of at least a
thousand fringes per minute and so reduce by a factor of at least
ten, the time during which the disturbing effects of changing
temperature are present. Another advantage lies in the ability
to repeat a fringe count since one has the photograph as a per-
manent record. A disadvantage is, of course, the fact that
photography of rapidly moving fringes is not a practical method
throughout the whole of the visible spectrum. The practical
long wave-length limit with the apparatus described below was
that of the bright green mercury line.

The vertical straight line fringes formed by a Michelson inter-
ferometer were used in taking the photographs illustrating this
article. A real image of these fringes was formed by a small
achromatic camera lens (f=4.5). About one inch in front of
the real image formed by this lens was placed a cylindrical lens of
about one inch focus with its axis horizontal. The converging
beam formed by the spherical lens just completely filled the verti-
cal aperture of the cylindrical lens.

The action of the cylindrical lens was practically to leave
unchanged the horizontal spacing of the fringes, but to reduce
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the vertical line images to a series of point images of enhanced
brilliancy.

At the focus of the cylindrical lens, a narrow strip of sensitized
paper could be made to pass in a vertical plane by a simple roller
mechanism which fed the paper from a roll into a bath of developer
enclosed in a light tight box. In fact, the supply of paper, the
developer, and the rollers were all in the same light tight enclosure
which carried the cylindrical lens. As the developed record came
out of the bath it could be drawn out into the not too brightly
lighted room and fixed without fogging.

Fic. 1a Fic. 1b

Automatic development saves a considerable amount of time
and is quite possible in the case of fringes, formed by blue and
violet lines. In case of faint lines, or strong lines of wave-lengths
in the green or yellowish green, it is necessary to do the developing
with regard to the best contrast and, in this case, it is simpler to
collect the record in the light tight box and develop by hand in a
dark room in the usual way.

If the fringes are stationary and the photographic paper is
moved at right angles to the axis of the cylindrical lens, a record
is obtained similar to the upper portion of Fig. 1 (a) or the lower
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portion of Fig. 1 (b). If the fringes are in approximately uniform
motion the record is similar to the lower portion of Fig. 1 (a)
or the upper portion of Fig. 1(b). The inclination of the trace
that looks like an inclined fringe system, is, of course, determined
by the relative velocities of the paper and the moving fringe
system. The number of fringes which pass a given point may be
counted rapidly by counting the number which move out of the
field of view at one edge of the record.

Fic. 2 ) F1G.3

It is impossible to reproduce a record several feet long, but in
Fig. 1 (a) and 1 (b) are given the beginning and ending of a
continuous record. The light used was the mercury violent line
(\ 4047, 4078) as obtained by filtering the total radiation from a
water cooled glass mercury lamp through one of the screens
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prepared by the Eastman Kodak Company. Fig. 1 (a) shows
the fringe system in the neighborhood of the white light fringes
while Fig. 1 (b) shows those for which the path difference is about
two hundred waves. Fig. 2 shows a portion of a record taken near
the white light fringes in which the source of light was the mercury
arc filtered with a dense solution of permanganate of potash.
The periodically returning visibility caused by at least two com-
ponents in the violet is evident even though the record is not a
particularly good one owing to its having been developed automa-
tically with no especial care for bringing out contrast. When this
record was taken, both the fringes and the photographic paper
were moving much more rapidly than was the case when records
1 (a) and 1 (b) were taken.

Fig. 3 shows a portion of a record taken with a path retardation
of about a thousand waves. The light from the mercury arc was
filtered through a strong solution of quinine. The cause of the
more prominent visibility change is due to interference of the
green and violet Hg lines. A change of visibility due to the
presence of the violet line of the shorter wave-length is also notice-
able on the long original record from which that reproduced in
Fig. 3 is cut as a sample.

PALMER PHYSICAL LABORATORY,
PrINCETON, NEW JERSEY.



A HIGH SPEED PRECISION RELAY

BY
CARrL KINSLEY

A relay has been developed in which no errors are introduced by
the friction of pivots and one in which the inertia of the moving
parts is usefully employed in the exact timing of the recording
operations.

A careful study had been made, with an oscillograph, of several
existing forms and very considerable errors had been found in
every relay.! The different types varied somewhat but all were
imperfect. The measurements given include;

Time to set relay tongue in motion, £, 0.002—0.005 sec.
Time taken for the tongue to reach
the anvil, after starting, t, 0.004 —0.006 sec.

(1]
4

M
y

F1c. 1—Relay details

Although these time intervals are considerable they might not be
of much importance except for the fact that they are not con-
stant.

The following drawing shows the principal relations between the
parts of the relay designed to meet the requirements. The
method of operation is as follows.

1A. C. Booth, Jour. Inst. Elect. Eng. 1909, p. 43. J. Zelisco, Elektrotechnik u.
Machinenbau, April 28, 1912, p. 349.

199



200 CarL KINSLEY [JJO.SA. & RS.I., VI

The weighted tongue or armature is lifted by the permanent
field and held against the core of the magnet, which has a thin
copper facing to prevent sticking. It is also by the same means
kept permanently magnetized. The core, upon which the spool
connected to the signalling circuit is placed, is made of very small
soft iron wires which have been soaked in shellac and baked
until they make a rigid whole of finely divided iron.

The signalling impulse gives a temporary magnetomotive force
opposing that due to the local battery. When the field is suffi-
ciently weakened, the tongue is released ahd starts its excursion as
a vibrating rod weighted at the end. There is no delay in getting
the armature into motion. It starts as soon as the signalling
current has reached the release value. In any permanent circuit
this occurs at exactly the same time interval after each signalling
impulse has started, depending on the circuit constants. The
equations for the arrival curves for many types of circuits,
including submarine cables, have been given by Malcolm.?

After starting, the tongue moves in accordance with its equation
of motion transforming its potential energy, due to the bent
spring, into the kinetic energy of its moving mass. The contact
point strikes the anvil and completes the operation by thereby
closing a local circuit. The equation for its motion is obtained
by adapting the equations given by Lord Rayleigh for a more
simple tongue with concentrated mass.?

Potential energy of distorted spring, V,

V = 6gk? al® cos® pt . (1)
Kinetic energy of moving spring and the weight it carries, T,
T=(MIe+3 p al’) pisin2pt (2)

Equate the maximum values of V and T and solve for p2.
g =modulus of elasticity of spring, assumed S. I. tables
=19.5X10", dynes per sq cm
k =radius of gyration of a section of the spring about a line
through the axis and perpendicular to the plane of bend-

ing,

? “The Theory of Submarine Telegraph and Telephone Cable,” 1917.
3 Theory of Sound, vol. I, chap. 8.
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=0.0153 cm
a=area of a section of the spring,
=0.02662 sq cm
I=length of the spring.
M =mass attached to the spring,
- =2.16 grams.
ko=radius of gyration of M about its support.
p =density of the steel of the spring,
=7.8.
f=natural frequency of the tongue.
- p=2af.

It might be thought that since the armature is attached rigidly
to the spring that only the portion of the spring between the
support and the armature, M, takes part in producing the poten-
tial energy due to the bending. Tests, however, have shown
that the spring assumes a curved form substantially the same as
though it were of a length equal to the radius of gyration of the
attached mass. This curvature is very different from the shape
it assumes when the force is applied at the end of the free portion
of the spring. In Eq. (1) replace ! with k,.

Likewise the ! of Eq. (2) should be replaced by the radius of
gyration of M, when the center of mass differs appreciably from
the center of gyration. In Eq. (2) replace ! with k,.

The second term of Eq. (2) can be neglected without appre-
ciable error; 14 of 19} for this armature.

Make the substitutions and solve the equations for p?

p*=3qk%/ Mk (3)

There is a correction factor which should be considered, due
to the rotational inertia of the armature. The tests made indi-
cate that it is negligible, although the approximate term given by
Lord Rayleigh, if correct, could not be neglected.

Solve Eq. (4) for the frequency of vibration and arrange for
experimental verification.

=Bk =+/3qk%a/ gx2 M =+ ko' (4)

The spring length, I, was varied and the frequency, f, was
obtained by comparison with tuning forks. The log f and log
ko were plotted and all of the points fell on a straight line, within
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the limits of experimental error. The constants, » and B, of the
straight line were obtained and compared with the constants
obtained by computation from Eq. (4).

Y

Lbha

20 | 22 | 2% | &e ) ds : ss |
Fi16. 2—Tongue vibration tests

From experiment, n=1.49, from computation, n=1.50
From experiment, B=642.7, from computatin, B=654.3

The agreement is within the experimental error, but a correc-
tion of 1.87, for rotational inertia would make the two values for
B identical. A large correction for rotational inertia would
make the line a curve instead of a straight line, so that it is
legitimate to disregard this possible correction for all purposes of
design. An earlier examination of vibrating rods with small
variable loads also showed that no correction was needed.*

The time required for the operation of the relay can be com-
puted as follows. If the anvil is so placed that the tongue touches
it when the spring is not bent, then the time required to leave
the position of rest against the core and make its record at the
anvil is 14 of a period. If a tongue having a frequency of vibra-
tion of 192 pps is used, the time required to make a record is
0.0013 sec. The time the tongue is in contact with the anvil
depends much on the character of the surface and the location
of the point of contact. At the instant of touching there is no
distortion of the spring and if the point is placed at the center
of gyration the time of contact may be only a few millionths of
a second.®

¢ Kinsley, Physical Review, &, p. 244.
$ A. E. Kennelly and E. F. Northrup, Jour., Franklin Inst., 1911, p. 23.
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In all cases this can be arranged to be negligible, even when
the recording surface is a chemically prepared paper, as in the
practical application described later. Assuming, therefore, the
time of contact to be negligible, the tongue will return to the core
and be again held by the magnetic field in 0.0013 sec. The
total time for an excursion being 0.0026 sec.

It is necessary that by this time the signaling impulse shall
have passed and the local current again established its normal
magnetic field. If the signaling impulse has a greater duration
than 0.0026 sec. it would be necessary to use a tongue with a
greater natural period.

The surface against which the tongue strikes can be a moving
paper strip, slightly moistened with the proper chemical® so
that the contact of the tongue will be recorded and at the same
time close a local circuit. A standard tuning fork, electri-
cally driven, can also be made to simultaneously make a record on
the paper and the interval between two contacts of the relay
obtained with great precision.

Many applications of this relay could be made to scientific and
commercial problems. An obvious one would be for the purpose
of obtaining chronographic records, when the exact determina-
tion of small time differences is of importance, our present methods
being inadequate. A commercial use will be chosen as an illus-
tration, the problem being one of increasing importance.

The above described relay was used in the production of a
high speed printing telegraph.” It had been found that a sig-
naling impulse on an overhead telegraph line of moderate length
—four hundred miles—would be substantially clear of the line
in about 0.0028 sec. Any existing type of printing telegraph
operating at its maximum speed of one hundred words a minute
would use the line for approximately 0.016 sec. for each short
impulse. There was a considerable time during which the
telegraph line was relatively idle. Certain telegraph systems—
notably that of Rowland and of the Western Electric—distributed
the line time between several telegraph instruments. This

¢ Prescott, The Electric Telegraph, 3rd edition, p. 957.
7 Kinsley, Am. Inst. Elect. Eng. June, 1914.
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requires synchronism between the transmitting and receiving
instruments and also greatly increases the amount of apparatus .
needed.

The problem of the efficient use of the telegraph line was solved
also by employing the high speed relay so that six hundred words
a minute could be sent and received in Roman characters, ready
for use. There was at the same time no necessity for synchro-
nism and the telegraph instruments needed were much more

-simple than even one of the sets of the relatively slow speed

types.

& PIuuLLLLALLLLIVG AMLGARAVA ) Wil W va vway aw
J ’

‘controlled by a punched tape in much the same way that the
slow printers are operated. The transmitting tape is prepared,
by an addition to a standard typewriter, at the same time that
a stenographer is transcribing a dictated telegraph message.
The accompanying diagram of connections, Fig. 3, illustrates
also the method by which the nested relays build up the alphabet.
A schematic drawing of the transmitter, receiver, circuits, trans-
mitting and receiving tape and certain other details are shown.
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It is not believed that any further description of the method of
operation is needed. A reproduction of a few words of a message
is given to show the character of the lettering. All of the letters
and figures are equally legible.

LICO PRAROLr itL 507 THE CRSE HAS
BEEN FI/ILELD /777 THE C/8BCUIT COUABT

GIRE? CHRIP WE IMPEET /17 WASHIZG T o7
F1G. 4—Style of lettering employed

Two views of the receiver are given. Figure 5 shows the
operating position and Figure 6 has the printing head turned
back so as to show the way the tongues of the relays are nested
together.

F1c. 5—Receiver
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It should be specially noted that, aside from the movement of
the paper continuously at a uniform speed, there are no moving
parts except the five relay tongues, all of which are rigidly attached
to the common, circular, external pole of the electro-magnets.
These springs, therefore, never get out of alignment and the
instrument can be left without attention for any length of time
and then operated at once without adjustment.

F16. 6—Receiver with head lifted

This application of the relay illustrates the method of record-
ing signals which are closer together than 0.0026 sec. the necessary
interval with a relay having a normal frequeroy of 192 pps. Two
relays can be used so connected as to operate independently upon
reversal of the polarity of the signaling impulse. The vertical
line of the letters is made by the correlated operation of two such
relays. The time interval between the signals is only 0.0013 sec.
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apart. The second relay starts its stroke at the time the first
relay is recording. The space displacement of the two relays
results in their records on the moving paper being accurately
aligned. The short time of contact on the paper is shown by the
entire absence of blurring of the record in spite of the high speed
of the paper upon which the impact is made.

In conclusion, it can be pointed out that the equation of motion
of a weighted vibrating reed has been verified and the method of
design for any type of circuit or signalling impulse has been
pointed out. The relay using the high speed vibrating reed
tongue is not subject to-the large errors found in other forms
now in use.

CorNELL UNIVERSITY
ItHACA, N. Y.



NOTICES

TELLERS’ REPORT ON ELECTION OF OFFICERS FOR TERMS
BEGINNING JAN. 1, 1922

To Irwin G. Priest, Secretary:

We, the undersigned regular members of the Optical Society of America, have
counted the ballots in the election of officers for terms indicated below, all terms begin-
ning January 1, 1922. We have verified the count and hereby certify the following
to be the true results:—

For President (2 year term) For Treasurer (5 year term)
Walter B. Lancaster 60 Adolph Lomb 139
Leonard T. Troland 94 For Members of Executive Council (2 year
For Vice-President (2 year term) term)
Herbert E. Ives 89 Adelbert Ames, Jr. 105
Loyd A. Jones 68 Wheeler P. Davey 9
For Secretary (5 year term) W. E. Forsythe 121
Paul D. Foote 30 Henry G. Gale 109
Irwin G. Priest 126 Carl W. Keuffel 98
Ernest Merritt 113
Respectfully submitted,

(Signed) (M. K. FREBAFER
Francis P. PHELPS
H. J. McNicHOLAS
Téllers.
WASHINGTON,

DEeceMBER 12, 1921.

In accord with the vote certified above, the following oﬂicers are declared elected
for terms beginning January 1, 1922:—

President (2 years), Leonard T. Troland; Vice-President. (2 years), Herbert E.
Ives; Secretary (5 years), Irwin G. Priest; Treasurer (5 years), Adolph Lomb; Mem-
bers of Council (2 years), W. E. Forsythe, Emest Merritt, Henry G. Gale, Adelbert
Ames, Jr.

(Signed) IrwiN G. PriEsT,
DEcEMBER 13, 1921. Secretary.

. Tellers’ Report on Vote on Amendment to By-Laws
To Irwin G. Priest, Secretary:
We, the undersigned regular members of the Optical Society of America, have
counted the ballots cast for and against the amendment proposed viz:—
Art. VIII of the By-Laws now reads:—

“After recommendation by the Council, By-Laws may be enacted, amended
or suspended by a two-thirds vote, by ballot, of the regular members of the
society.”

208
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The Executive Council has recommended that this be amended to read:
“By-Laws may be enacted, amended or suspended by concurrence of two-

thirds of the whole Executive Council.”

We have verified our count and certify that the true results are:—

“Yes” (i.e. in favor of amendment) © 120
“No" (i.e. against amendment) 17
Respectfully submitted
(Signed) [ M. K. FREHAFER
Francis P. PHELPS
WASHINGTON H. J. McNicHOLAS

DECEMBER 12, 1921.

Tellers.

In accord with the vote certified above, the proposed amendment is declared to

be adopted.

DEceEMBER 13, 1921,

(Signed) IrwiN G. PRIEST,
Secretary.

ROCHESTER SECTION OF THE OPTICAL SOCIETY OF AMERICA
PrOGRAM OF MEETINGS FOR 1921-1922

ocToBER 10, 1921,

Dg. L. T. TroLAND, Professor of Psy-
chology, Harvard University, and
Consulting Psycho-Physicist, Kal-
mus, Comstock and Wescott.
“Brightness and Color in Relation

80 Zone Theories of Vision”

OCTOBER 24
Meeting of the National Society

NOVEMBER 14
Dz. C. E. K. MEEs, Director, Research
" Laboratory, Eastman Kodak Com-
pany.
“The Manufacture of Light
Filters”
NOVEMBER 28
Dz. HerMAN KELLNER, Director,
Scientific Bureau, Bausch & Lomb
Optical Company.
“The Principles of Microscopic
Vision”
DECEMBER 21
Mz. R. B. WiLsEY, Physicist, Research
Laboratory, Eastman Kodak Com-
pany.
““Recent Improvemenis in X-Ray
Photography”

JANUARY 9
Dr. L. SILBERSTEIN, Mathematical
Physicist, Research Laboratory,
Eastman Kodak Company.
“Optical Consequences of the
Rotation of the Earth”
JANUARY 23
Dr. HENRY G. GALE, Dean, University
of Chicago.
“The S pectyoscopic System of
Fundamental Units”

FEBRUARY 13
Dr. F. E. Ross, Astronomer, Research
Laboratory, Eastman Kodak Com-
pany.
““Recent Progress in Astronomy”
FEBRUARY 27
MRr. W. B. RayToON, Scientific Bureau,
Bausch & Lomb Optical Co.
“The Optics of the Telescope”
MARCH 13
Dr. L. V. KNG, Professor, McGill
University.
“Molecules and Light”
MARCH 20
De. R. A. M1LLIKAN, Director, Physi-
cal Laboratories, California Poly-

-
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technic Institute. (With American sics Department, University of
Chemical Society) Toronto.
“Radium” “‘On Some Recent Advances in
APRIL 10 Spectroscopy”
Pror. F. K. RicHTMYER, Cornell MAY 8

MR. A. L. ScHOEN, Physicist, Research

University. Laboratory Eastman Kodak Com-
“X -{?ay M ca:ur.emmls atud pany.
Optical Properties of Thin “Instruments and Methods Used in
Metal Film” Spectroscopy”
APRIL 24 MAY 22

Pror. J. C. McLExNAN, Head of Phy- Business Meeting and Annual Dinner.

The following are the present officers of this local section:
President: F. C. FAIRBANKS
Vice-President: HENRY KurTZ
Secretary: L. L. MELLOR
Treasurer: E. G. QuiN
Program Committee: L. A. JONES

AN ENGLJSH TRANSLATION OF HELMHOLTZ'S “OPTIK”

To THE EpiToR: Many of our readers will be glad to know that the council of the
Optical Society has appointed a committee to make arrangements for bringing out an
English translation of Helmholtz's great work on physiological optics.

The first edition of the “Handbuch der Physiologischen Optik” was published in
1866, more than half a century ago; and the fact that this epoch-making work, which
remains to-day the most original treatise on physiological optics, has never been trans-
lated into English, is a reproach to both Great Britain and America. To make its
valuable contents accessible to those who do not find it easy or convenient to read a
foreign language will be conferring a boon on many scientific investigators in the vast
and expanding territory which this book was originally intended to cover.

Incidentally, the proposed English edition will be a memorial of the hundredth
anniversary of the birth of Hermann von Helmholtz, whose influence on modern scien-
tific thought in nearly every direction has perhaps been as widespread and permanent
as that of any of his great contemporaries in the nineteenth century.

It is estimated that the cost of translating, editing, and publishing this memorial
volume (or volumes) will be $5,000 or more. It is particularly desired that every indi-
vidual who is interested in the success of this project and in the advancement of the
science of light and vision in this country will have an opportunity of contributing
towards it. ,

Contributions, no matter how small, may be sent to Adolph Lomb, Esq., treasurer
of the Optical Society of America, care of Bausch & Lomb Optical Company, Rochester,
New York. Make cheques payable to “Adolph Lomb, Treasurer.”

Any one subscribing as much as $15 will receive a copy of the complete work when
it is issued. JAMES P. C. SOUTHALL,

President, Optical Sociely of America.
DEPARTMENT OF PHysics,
CoLuMBIA UNIVERSITY,
NovEMBER 28, 1921.
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REVIEW OF THE PRESENT STATUS OF THE TWO
FORMS OF QUANTUM THEORY*

BY
RiceArD C. ToLMAN

Members of the American Association for the Advancement
of Science:—In accepting Dr. Harkin’s invitation to represent
the chemists at this symposium on quantum theory, I have been
beset with doubts and perplexities. In the language of psycho-
analysis, I have suffered from a malevolent and inhibitory,
inferiority complex. A

Here am I a typical, hard-worked government employee, who
spends his time writing reports and signing vouchers; before
me is a great company of distinguished and critical-minded
scientists ready to pounce upon my every word; and somewhere,
up there, swimming around in the blue empyrean is the so-called
quantum theory.

This theory is based on a mass of experimental material, whose
details are beyond the comprehension of any one individual mind.
The theory, moreover, is not even a single, logical whole, but
rather a combination of conflicting speculations which have only
two characteristics in common. In the first place, these specula-
tions all vie with one another in discarding as much as possible
of the great achievements of the classical dynamics, and in the

* Presented at Toronto Dec. 29, 1921 before a Joint Session of the American
Physical Society with sections B and C of the American Association for the Ad-
vancement of Science.

211



212 Ricuarp C. ToLMaN [J.O.S.A. & R.S.I., VI

second place, they all contain the mysterious letter “h,” intro-
duced in any old way that fitted the enthusiasm of the moment.

Furthermore, ladies and gentlemen, I am expected to represent
the point of view of chemists with respect to this uncertain
field of endeavor, when that point of view is largely the negative
one, of extreme hostility to the physicists, with their absurd
atom, like a pan-cake of rotating electrons, an attitude which is
only slightly modified by a pious wish that somehow the vitamine
“h” ought to find its way into the vital organs of their own,
entirely satisfactory, cubical atom.

You can easily see the reasons for my inferiority complex.
Under the circumstances, I shall limit my remarks to a brief
description of the two main forms of the quantum theory, point
out some of their successes and limitations, and make a few sug-
gestions as to things that we, as chemists and sensible men, would
like if possible to see incorporated in the final form of theory.

The Classical Dynamics

Both of the two main forms of quantum theory are as you
know attempts to modify the classical dynamics, and in order
that we may be certain that we are talking the same language, I
am going to ask your indulgence while I briefly review the nature
of these modifications.

The older dynamics was completely deducible from a single
axiom known as Hamilton’s principle,—

g ...qgat (

L) Ldt=0 1
fq: e . gt )
where L is the Lagrangian function of the generalized coordinates
@1 . . .g, and the velocities g, . . . ¢a, and the limits of integra-

tion are not subject to variation.
This principle leads by simple transformations to the equations
of motion in the Hamiltonian form,—

s__dn o __dn
oq at 0q2 dat )
de dq d¢ dq,
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where ¢ is the energy of the system in question, expressed as a
function of the generalized coordinates qigz . . ¢, and the cor-
responding generalized momenta pip. . . . p,.

Applied to a system of molecules or elements, these equations
of motion have led to a statistical mechanics which has as its
cornerstone the Maxwell-Boltzmann distribution law,—

€

dN=ce*dg, . . . dp, (3)
where dN is the number of molecules of a given kind which will
be found, under equilibrium conditions, to have values of their
coordinates and momenta falling in the region dg, . . . dp,, eis
the increase in energy of the system per molecule introduced

into the region d¢, . . . dp,, ¢ a constant for each kind of mole-
cule and & and T, have their customary significance.

Rise of the Quanium Theory

The quantum theory first appeared in the year 1900, because
of a conflict between the apparent requirements of equation (3)
and the facts as to the distribution of energy in the hohlraum.

Let us regard the hohlraum as consisting of modes of electro-
magnetic vibration whose energy ¢ and frequency » are given
by the well-known expressions for a harmonic oscillator

e=1% ag*+14 bp? (4)
and .
2=

Substituting the above expression for ¢ into the Maxwell-
Boltzmann distribution law, we can evidently obtain for the

average energy of a mode of vibration of frequency v=—20—b, the
L3

expression
e (V% ag*+14 bp*)dgdp

F©
ff — (3% ag*+ )4 bp?) /T

e dqdp
-0

}3 — (Y% ag+ 14 bpY)/RT

€gy. = (6)
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which on performing the indicated integrations gives us

€ar. = kT (7
Since the constants @ and b which determine the frequency have
disappeared from equation (7), we are led to the conclusion that
all modes of vibration of any frequency have the same average
energy content. This is merely one example of the well-known
principle of the equipartition of encrgy, which is usually regarded as
a necessary result of a statistical mechanics founded on Hamil-
ton’s equations (see however, later).

In the case of the hohlraum, the principle of the equipartition
of energy cannot possibly be true. Since the number of modes of
vibration in the hohlraum with frequency greater than any
assigned value is infinite, the principle would put all the energy
of the hohlraum into the region of short wave-lengths, and
would make the amount of energy associated with any single
frequency equal to zero, when as a matter of fact, experiment has
shown that a mode of vibration of frequency » actually obtains
instead of kT the average energy content,

e =t
ar. v
oy (8)
where % is Planck’s new constant.

This conflict between the principle of equipartition and the
actual distribution of energy in the hohlraum is, as you know,
the difficulty which led to quantum theory.

Structure of Generalized Space (1 . . . pn) Proposed by Quantum Theory

To meet this difficulty, both of the two main forms of quantum
theory propose a modification of the classical dynamics by
ascribing a sort of cell-like structure to the generalized 2# dimen-
sional space (g1 . . . ¢up1 - . . pn) Which can be used for repre-
senting the values of the coordinates and momenta of an
individual element or molecule of the system.

We cannot discuss here the general theory of determining the
equations for the boundary surfaces between the cells in the
generalized space. The nature of the net-work of boundaries may
easily be illustrated, however, by considering elementary systems
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with a single degree of freedom, whose motion is determined by a
single coordinate ¢ and a single momentum p.

The instantaneous state of such an element can be represented
by the position of a point in the ¢p plane. In accordance with
the classical dynamics this ¢p plane would be a continuum, and,
with a system at equilibrium, the chance that an element would
have its representative point located in a given infinitesimal
region dgdp would vary continuously from point to point in the
plane, always being proportional to e~**", as required by the Max-
well-Boltzmann distribution law.

In accordance with quantum theory, however, we must think of the
qp plane as traversed by a net-work of curves, such that each curve
represents a steady motion of the element without dissipation of
energy as determined by the Hamiltonian equations of motion, and
such that the area included by each curve is an integral multiple of the
universal constant h. Thus the net-work of boundaries is deter-
mined by the equations,—

e=constant 9)

fpdq=nh (10)
where 7 is an integer and the integration is to be taken over
the ‘“complete” trajectory of the element. (In the case of
systems of more than one degree of freedom, equation (10) may
be replaced by a similar equation for each pair of coordinates and
momenta).

For the case of a simple harmonic oscillator, whose motion is
determined by equation (4), it is evident that the boundaries
prescribed by equations (9) and (10) are a series of ellipses in the
gp plane, (see Fig. 1) such that the area enclosed by each ellipse
is an integral multiple of 4.

The equation for these ellipses will evidently be

Y5 ag>+14 bP’=nh;/ab (1)
m™

where 7 is an integer. Substituting the values for ¢ and » given
by equations (4) and (5), we obtain the very significant relation

e=nhv (12)
which is fundamental to the quantum theory.
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For the case of a simple system rotating about an axis, with
angular velocity d¢/dt, and constant moment of inertia J, the
state of the system at any instant can be represented by a single
coordinate, the angle ¢ =g, and a single momentum p=J¢. The
lines of constant energy content will be parallel to the ¢ axis,
and our generalized ¢p space will have the appearance shown
in Fig. 2 where the area of each of the rectangular cells is equal
to k, and the kinetic energy corresponding to the boundary lines
is given by the equation,—

1 1 nh?
€ = '2-.—Ip2= Z'T, E"- (13)
p=p
P
£ !
- +IT ?=¢

Fic. 2
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Diflerence between the Two Main Forms of Quantum Theory

Both of the two main forms of quantum theory make use of this
same net-work of boundary surfaces in the generalized
(¢ . . . p,) space. They differ as to the location of representa-
tive points in the generalized space.

In accordance with the first and most extreme form of quantum
theory, points representing elements, such as molecules or oscilla-
tors, are located in general only on the boundary surfaces between
the cells. With a system of N elements which has come to
equilibrium, the number of elements on the »’th surface is con-
sidered to be determined by the energy ¢,, corresponding to that
surface, in accordance with the following equation, which has
been constructed in analogy to Maxwell’s distribution law,—

=Yt (14)

X e#rT

n=123

In this first form of quantum theory, the elements with repre-
sentative points located on the boundary surfaces perform
steady motions without dissipation of energy, in accordance with
the Hamiltonian equations of motion, and this steady motion
continues, until suddenly for some mysterious reason, perhaps the
occurrence of a new ‘“‘epoch’” in a discontinuous time, the repre-
sentative point jumps to another stationary trajectory where the
system again takes up its steady motion. Nothing is known of
the mechanism of these ‘‘jumps” beyond the fact that there is a
conservation of energy and probably also of momentum,—the
energy and momentum lost by one element being handed over to
other elements which themselves jump simultaneously to new
paths.

In accordance with the second form of quantum theory, repre-
sentative points may be located, as in the classical dynamics,
any where in the generalized space. The distribution of these
points at equilibrium is, however, not determined by the Maxwell-
Boltzmann distribution law. Inside of any cell the points are uni-
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formly distributed at random while on passage across a boundary
from cell to cell there is an abrupt change in the density of distribu-
tion. With a system of N elements, the number of elements in
the 2’th cell is determined by the mean energy (¢)ge. corresponding
to that cell, in accordance with the equation,—

— (&),

NC kT
Ni= —(ear, (15)
e N
i=123...

In the second form of quantum theory, elements, in particular
electronic oscillators, with representative points located within
the cells can absorb radiant energy in accordance with the classical
electromagnetics, but can only emit energy when they cross a
boundary, and then emit all the energy which they have assembled.
The ratio of the chance of no emission on crossing a boundary
to the chance of emission is taken as proportional to the intensity
of radiant energy of the frequency in question surrounding the
oscillator.

Achievements of the First Form of Quantum Theory

I need not describe to you in detail the numerous and significant
achievements of the first form of quantum theory.
Equation (12)
e=nhv (12)
may be taken in general, as a relation between the frequency »
and amount ¢ of any radiant energy which is absorbed or emitted,
and may thus be considered as accounting at least formally for
the photoelectric effect, the inverse photoelectric effect, and the
frequency relations between absorbed and phosphorescent light.
Furthermore, equation (12) when used to determine the
possible energy content of a mode of vibration of frequency », -
combined with equation (14)

—n

Ne kT (14)

n= :iu
ekl
n=123...
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for the number of modes of vibration with each possible energy
value, leads at once to the experimental value for the energy
distribution in the hohlraum, and applied to the possible modes
of vibration of an elastic solid leads to Debye’s theory of the
specific heat of solids.

Equation (13) 1 n2he (13)

‘T2 an
for the possible energy of a rotator, combind with equation (14)
for the number of rotators with each possible energy value, leads
to reasonably successful theories for the specific heat of diatomic
gases, and combined with equation (12) for the relation between
the amount and frequency of radiant energy, leads to a theory of
the absorption (rotation) spectrum of such gases.

And most important of all, equation (13) for the possible values
of the kinetic energy of a rotator leads to a determination of the
possible orbits in atoms composed of an electron rotating about a
positive nucleus. By calculating the energy dissipated when
the electron falls from one of these orbits to another, and applying
equation (12) for the relation between the amount and frequency
of radiant energy, we obtain Bohr’s simple and beautiful theory
of the spectral frequencies emitted by the hydrogen atom, and
the singly ionized helium atom. Allowing for the slight motion
of the nucleus, we account for the difference between the Rydberg
constant for hydrogen and helium. Introducing the possibility
of elliptical paths and making the relativity corrections for the
mass of the electron, we obtain a theory of the fine structure of
lines, and allowing for the distortion of these orbits by electric
and magnetic fields we obtain a theory of the Stark effect and
the Zeeman effect. And finally considering that the more
complicated atoms consist of a nucleus surrounded by rings
of electrons we can make much progress towards a theory of the
spectral frequencies for more complicated atoms than hydrogen
and singly ionized helium.

Achievements of the Second Form of Quanium Theory
The second form of quantum theory has proved to be a much
more complicated tool than the first form of quantum theory.
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The principle that energy can be emitted from an electronic
oscillator only in amounts nk¥ may be used to account for the
inverse photoelectric effect, and combined with the idea that a
definite number of the quanta which have been assembled can be
lost in the form of the kinetic energy of an electron which is shot
off at the time of emission, it accounts for the photoelectric
effect.

Equation (15)

— (&) ar.
N,= Ne (T
—(&i)an.

Ze kT
i=123...

applied to the distribution of electronic oscillators with the mean
energy content (z—14)ky, combined with the laws for the ab-
sorption and emission of radiant energy, lead to the experimental
expression for the energy distribution in the hohlraum.

Progress has also been made with the help of the second form of
quantum theory in accounting for the rotational specific heat of
gases, for their rotational spectrum, and for the para-magnetism of
substances.

The great field of emission spectra has, however, been treated
only with the help of the first form of quantum theory.

Ladies and Gentlemen, these achievements of quantum theory,
especially in its first and simplest form, are very comprehensive
and compelling. Yet even those who are most attracted by
quantum theory, are compelled by the whole spirit of science to
subject the theory to a rigid though disinterested examination.

Arbiltrariness of Quanium Theory

I believe that, as the first fruit of such an examination, one is
impressed by a feeling that the procedure adopted by quantum
theory is unnecessarily arbitrary. In order to account for a limited
range of phenomena, the physicist, and even more culpably the
chemist, has introduced the new constant k, whenever, wherever,
and in whatever way seemed necessary to account for the particu-
lar phenomena under examination. This feeling of arbitrariness
has been greatly decreased as the number of achievements, parti-
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cularly of the first form of quantum theory, have increased, and as
the rules for introducing boundaries into the generalized space of
dynamics have been elaborated. Nevertheless, even though the
first form of quantum theory is becoming internally a more logical
whole, it still creaks badly when we try to fit it into the much
greater logical whole of the rest of physics, and thus fails in general
to give that feeling of logical necessity which accompanied the
introduction of the theory of relativity.

Contradictions between Quanium Theory and the Undulatory Theory of Light

As a second criticism of quantum theory, we must point out
once more the well-known contradictions between the undulatory
theory of light and quantum theory, in its simpler and otherwise
most satisfactory forms.

The first form of quantum theory, which is by far the simpler
and more completely elaborated, requires that radiant energy
be of such nature that it can be practically instantaneously
absorbed in definite quanta of magnitude Av. This seems to
mean that radiant energy exists only in indivisible quanta,
which travel around through space with the velocity of light.

The reconciliation of such an idea with all the facts of the
undulatory theory of light is very difficult. Since interference
can be obtained with a difference in path of about a million
wave-lengths, the dimensions of these quanta must be of the
order of at least a foot, which seems difficult to believe if the
quanta are indivisible. Furthermore, if quanta were indivisible,
the advantages of a large telescope over a small telescope could
only be to permit the entrance of more quanta. This would
increase the intensity of the star image, but would presumably
not increase the resolving power of the telescope as is actually
found to be the case. Other difficulties will readily suggest
themselves.!

It was, of course, these difficulties which led to Planck to pro-
pose his second form of quantum theory in which the absorption
of radiant energy by an atom would follow in accordance with
the classical electromagnetics. This form of the theory is in

1 Compare Jeans’ Dynamical Theory of Gases, 3rd ed., p. 378.
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other ways, however, not nearly as satisfactory as the more
extreme form. Thus, for example, it can be shown that electrons
are emitted in the photoelectric effect, immediately after the light
is turned on, and before any individual atom has had time enough
to assemble a quantum of energy on the basis of the classical
electromagnetics.?

Conflict betiwcen Quantum Theory and Classical Dynamics

As a third criticism of quantum theory, I cannot help but feel
that up to date it has been too cavalier in its treatment of the
classical dynamics.

The classical dynamics flows like an unpolluted river from a
single source. This source is, of course, the axiom or postulate
known as Hamilton’s principle (Equation 1). Not only is this
principle a remarkably simple one, with a significance which
can be intuitively grasped, but owing to the infinite variety of
ways in which the Lagrangian function L can be made to depend
on the coordinates and velocities, the results which can be obtained
from the principle would seem to contain variety enough to fit
any new field of physics that might arise. Hitherto, no branch
of physics has escaped its control. Even the theory of rela-
tivity has in no way disturbed its sway. I feel that the present
forms of quantum theory have attempted to abandon this princi-
ple, long before they have exhausted its possibilities.

To be more specific, I believe that when confronted by the
conflict between the known facts as to the distribution of energy
in the hohlraum and the principle of the equipartition of energy,
the attempt should first have been made, not to invent a new
form of dynamics, but to examine whether the older dynamics
actually leads to the principle of the equipartition of energy for
all kinds of coordinates and momenta. Such an examination
shows as a matter of fact, that only those coordinates and mo-
menta which enter into the expression for energy in the quadratic
form will contribute the term 14 kT to the average energy.

Systems of elements or molecules, for which the principle of
the equipartition of energy cannot be expected to hold, are

2 See Norman Campbell, Modern Electrical Theory, 2nd ed., p. 249.
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already well known, quite apart from the development of quantum
theory. Thus the average potential energy of the molecules in a
vertical tube subjected to the action gravity is not 14 kT, but
another value which depends on the height of the tube, and
actually becomes kT instead of 14 kT for a tube of infinite height.
And as another example, the average kinetic energy of a system of
particles of stationary mass m,, which obey the relativity laws of
motion is not 3/, kT, but is given by a series which has as its first
two terms?
9 k2T?

3
ea”'=-ikT+i-3m_0;2+ .. (16)

These results are obtained, moreover, not by giving up the class-
ical statistical mechanics, but are derived directly from the
Maxwell-Boltzmann distribution law by substituting for ¢ the
correct expression for the energy of an element in terms of its
coordinates and momenta ¢, . . .p,. )

As to the modes of vibration of the hohlraum, I pointed out
some years ago* that if the energy of a mode of vibration were
given by the equation,

_ hy m _ 2hy m
e=hy (‘/z ag*+%% bp’) (% ag*+44 bP’) 17
€ . + e + ...

where m is a large number, the average energy for such modes of
vibration as determined by substituting this expression for € into
the Maxwell-Boltzmann distribution law would actually have
the value

hv

€v. = hy
et —1

entirely on the basis of the classical statistical mechanics.

I do not wish to give the impression that the energy of a mode
of vibration is actually represented by equation (17), but merely
to show that expressions are entirely possible which would
give the Planck equation for the distribution of energy in the

3 See for example, Tolman, Phil. Mag. 28, p. 583, 1914, or Theory of the Relativity

of Motion, Univ. of Calif. Press, 1917.
¢ Phys. Rev., 11, p. 261; 1918.
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hohlraum. As originally pointed out, equation (17) might be
entirely satisfactory for determining the distribution of radiant
energy by performing the necessary integrations, and yet not
satisfactory for determining, by differentiation, the equations of
motion of the mode of vibration. As a matter of fact, this
seems to be the case and for purposes of differentiation relations
differing from equation (17) are preferable.

This may be illustrated by plotting the value for the energy
of a mode of vibration ¢, against the usual expression for this
quantity 14 ag*+14 bp?, as shown in Fig. 3.

€
0]

é jIJ)
@)

o 2hv 3w 4hv FaQfribp?
F16. 3

Line (1) in this plot represents the usual relation between
energy and the coordinates and momenta

e=1% ag?+1% bp?
and systems having this equation will have the average energy

kT instead of the Planck value
hy

v
e —1
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Line (2) which consists of a series of horizontal and vertical
steps, represents the relation given by equation (17), which leads
to the desired distribution of energy. It can easily be shown by
differentiation, however, that systems whose motion is determined
by equation (17) would not oscillate with the frequency

. _~ab
2w
As a matter of fact, systems with their representative points
located on a horizontal part of the line would be stationary, and
systems with a representative point located on a vertical part of
the line would oscillate with zero amplitude and infinite frequency.

In order to obviate this difficulty it is possible to replace the
horizontal lines by a number of steps as shown by line (3), each
consisting of a diagonal and a vertical part. If the number of
such steps is made large we shall obtain the Planck distribution
of energy. Furthermore, systems with points located on the
diagonal lines will oscillate with the desired frequency », and
the number of representative points located on the other parts of
the line become zero when these parts become absolutely vertical.
Line (3) would thus have many, if not all, of the characteristics
necessary for a satisfactory relation between the energy of a
mode of vibration and the values of its coordinate and momentum.
It would suggest, moreover, modes of vibration which “break”
at a given energy content, an idea which is not out of harmony
with some of the ideas of chemistry. :

Nevertheless, I still do not wish to claim that line (3) does repre-
sent the true equation for the energy of a mode of vibration in
the hohlraum. What I do wish to emphasize, is the enormous
possibilities still resident in the classical mechanics to account
for distributions of energy other than equipartition. Until these
possibilities have been investigated, the abandonment of the
classical mechanics, proposed by quantum theory, must be
regarded, I believe, as in the nature of tentative experimentation.

As to the possibilities which must be considered, I should put
first a consideration of the various expressions for e in terms of a
single coordinate and momentum which would give a distribution
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of energy the same or similar to that of Planck’s. Corresponding
to the fact that the Lagrangian function L can depend on the
coordinates and velocities in an infinite variety of ways, it is
evident that the energy e can depend on the coordinates and
momenta in an infinite variety of ways, and hence there is a very
great possibility that an cxpression for ¢ will be found which will
have the desired characteristics. Nevertheless, if such considera-
tions do not lead to a satisfactory solution of the problem, we
might next consider expressions in which the energy of a mode
of vibration is made dependent on the energy of neighboring
modes of vibration. This will open up a new realm of possibili-
ties. If these are not sufficient, T think we might then venture
to investigate the validity of those initial stages in the develop-
ment of statistical mechanics, where the authority of Liouville’s
theorem is invoked to prove that all the ‘“microscopic’ states
of a system are equally probable. Only upon the failure of all
the above three methods of attack, would I venture to assume
that Hamilton’s principle can be lightly discarded as seems to
be the pleasure of the extreme advocates of quantum theory.

Unsatisfactoriness of the Atom Model of Quantum Theory

As a final criticism of quantum theory, I think we must regard
the atomic model furnished by this theory as only partially
satisfactory. This atom was constructed by the physicists, like a
solar system, with electrons rotating around a central nucleus,
partly because the physicists were familiar with the mechanics
and mathematics of the solar system, and partly because they
were entirely unfamiliar with the actual facts concerning the
behavior of atoms in chemical combination. No chemist would
be willing to think of a carbon atom as a positive nucleus with
rings of electrons rotating around it in a single plane. The
carbon atom must have tetrahedral properties, and in general 1
feel that the cubical atom of Lewis and Langmuir must be regarded
as representing chemical facts better than anything proposed by
the physicists.

A possible escape from these difficulties would be for the
quantum theory to abandon the simple ring-like structure for
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most of the atoms, leaving, however, the ring structure for
hydrogen and singly ionized helium where the success of quantum
theory has been most pronounced. Another possibility would be
to retain the ring structure for atoms when they are in a dis-
sociated form and emitting their spectra, and introduce a change
in configuration to a three dimensional arrangement when the
atom enters into chemical combination.

There is a further unsatisfactoriness which seems mherent in
the Bohr model of the hydrogen atom. This model provides
the hydrogen atom with an infinite number of stable rings in
which the electron can rotate around the nucleus without loss of
energy. Taking the energy of the electron in the innermost ring
as zero, the energy in successive rings will have the values

034N 8hN 33N . . .. hN (18)

Hence when the electron falls from one ring to another the
energy emitted can always be expressed by the formula

e=hN(””'1 _”"‘1)=hN(i_i (19)
. 792 7,2 m® ng?

and if we combine this with the equation e=/4» we account for
the spectral frequencies of the hydrogen atom.

It must be pointed out, however, that such an explanation of
these frequencies is entirely formal. Except for the special case
of an electron falling from one of the outermost rings to the next
ring, there is no actual frequency in the atom which corresponds
to the frequency » which is calculated. The frequency of rota-
tion in the rings does not correspond to the frequency of the
emitted light, and no mechanism is provided in the path connect-
ing the rings which would have the desired frequency.

It would seem desirable to provide a mechanism which would
produce oscillations of the required frequency » when the energy
emitted is iv. To illustrate this, I have constructed an apparatus
provided with an electron in the shape of a one inch steel ball
and energy levels, where the gravitational energy of the ball
assumes the values

0O $AN §hN ....hN
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Each energy level is connected with every lower energy level by a
cycloidal path where the frequency of oscillation of the ball is
related to the energy dissipated by the equation e¢=/Av.

This structure is in no sense a model of the hydrogen atom but
rather a model which has some of the properties which it might be
desirable to insert in the final model of the hydrogen atom.

Various interesting though tentative speculations can be based
on this model,—as to the work necessary to produce any radia-
tion at all,—as to the simultaneous appearance of lines in the
different series,—as to the relative intensity of lines,—as to the
creation of a field of force by the mutual interaction of nucleus
and electron which will maintain the desired frequency of oscilla-
tion,—as to the work necessary in breaking chemical bonds,—
and as to other matters which will suggest themselves to you.
However, T do not wish to claim much for the model, especially
as I am temperamentally opposed to the whole model method in
theoretical physics.

Ladies and Gentlemen, I wish to thank you for the patience
with which you listened to my prolonged remarks. In conclu-
sion, I think that we must definitely state that the introduction
of the quantum theory must be regarded as still an experiment,
although an elaborate, courageous and hopeful one. But perhaps
after all, life, itself, is always a bit experimental and only the
boldest experimenters can achieve the greatest failures and the

greatest successes.
Fixep NITROGEN RESEARCH LABORATORY
WasBINGTON, D. C.



MATHEMATICAL ASPECTS OF QUANTUM THEORY*

BY
H. B. PHILLIPS

1. Fundamental Hypotheses—Without attempting to present
the somewhat divergent views of the many writers on the subject,
I propose in this paper to sketch a method of treatment (mainly
following Sommerfeld) which suffices for the applications so far
made. In the application existing theories, such as statistical
mechanics, have been used. We are concerned only with the
peculiarly quantum part of such applications.

There are two types of problems to which quantum theory has
been applied, each being solved by making a fundamental hypo-
thesis.

(1) To determine the frequency of the radiation emitted when
an electron changes from one steady (non-radiating) state to
another.

This is accomplished by the hypothesis of Planck and Bohr,
that i

Wl—Wz=hl', (1)

where W, is the energy of the electron in the first state, W,
its energy in the second, and A is Planck’s constant. This may
be briefly called the hypothesis of energy quanta.

(2) To determine the fixed orbits, or steady states, in which the
electron can move without radiating.

To handle this with some degree of generality, consider a
conservative system whose position is determined by r coordinates

Q1 G2 -y G-
Let its kinetic energy by T and let
aT . d
pi=— g =4
aqi dt.

*Presented at Toronto, Dec. 29, 1921, before Joint Session of American Physical
Society with Sections B and C of the American Association for the Advancement of
Science.
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Suppose further that its kinetic and potential energy

T= T(Plv P2 Pe qu, Q2 -Qr);
V= V(qh g .. 11:),
do not explicitly contain the time.
Sommerfeld’s hypothesis is that if the integrals are taken
around a closed orbit described by the electrons in a steady state

fZTdt=f:? P;dqi=ﬂ h, (2)

where 7 is an integer.

In the most important cases the variables can be separated,
that is, each momentum p; can be expressed in the form

pi=filg,a, e ...c)

where ¢, @, ... ¢; are constants of integration. In general ¢
then oscillates periodically between fixed limits a;, . In this
case, Sommerfeld assumes that an equation of the form (2)
applies separately to each coordinate, that is,

Zfz: pidgi=n; h 3)

where #; is an integer.

Equations (2) and (3) express what may be called the principle
of action quanta. Equation (2) expresses that the total action
around a closed orbit is a multiple of Planck’s constant. Equa-
tion (3) states that in case the variables separate, each component
of action is a multiple of Planck’s constant.

The orbits of the electrons are determined by ordinary
dynamics, equations (2) and (3) being used merely to determine
the constants of integration in terms of the quantum integers 7.

It is interesting to note that if we apply (2) to the emitted
radiation, (1) may be considered a consequence of (2) and so the
whole theory may be considered a theory of action quanta.
For in electrical systems magnetic energy is kinetic and electric
energy potential. Since in radiation these are equal, the total
energy is

W =2T.
Apply (2) to the entire system of waves emitted by an electron



May, 1922] ASPECTS OF QUANTUM THEORY 231

in a change from one steady state to another. The total energy
of this system is the constant W, —W, and its period is
1

T=-

14
Hence .
T —
f 2Tdt=f” (W,_W,)d:=W_‘:l’=,, h.

This gives
Wi—Wae=hv»
if we take n=1. From this it might appear that radiant energy
exists in only one quantum state, n=1.
2. Method of General Dynamics.—Sommerfeld defines a func-
tion S by the integral

t
S= f 2T dt, (4)
0
the integral being taken along an orbit from the time O to¢. Itis

a function of the initial values of p; .- p;, ¢, - ¢, and the time.
If the total energy is

W=T+V=H (Ph" Py qaee QI)) (5)
the function S can be expressed in terms of ¢, ¢z, -- ¢;, W, and
r —1 constants of integration, as, . . . , a, in the form

NEN (91, e Woa, ., ar)

Then
aS aS
aqi = Pi’ aW—" . (6)

Substituting these values in (5) it is seen that S is a solution of
Jacobi’s partial differential equation
W=H (E, c @E, G, ... q,). @)
oq gy
Conversely, Jacobi’s theory shows that any solution of (7) in the
form
f(ql, v Woa, L., ar)+a7
will satisfy (6) and so can be used for S.
The most important cases are those in which the variables
can be separated, that is, when
S=851+S8:+ ... +S5,
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S; containing only the one coordinate ¢; and the constants of
integration. In this case .

contains only_one coordinate ¢;. If this oscillates between the
limits a;, &, the quantum condition is applied in the form (3)

b.
2 lidi=ih.
/;i pidgi=n

If one of the coordinates is an agle ¢, this is naturally replaced by

2x
d¢=n h.
-/o- pe dp=n

Systems of the kind just discussed are called conditionally
periodic. Since all the cases so far treated on conditionally
periodic, we might limit the hypothesis of action quanta to this
case and leave the question whether the theory applies to any
other cases undetermined.

As a simple example, consider the case of an electron of charge
-e, moving around a nucleus of charge E. In this case

T=Ysm{ *+r1, i
r
P" =mf p¢ = m'%l
= (#)
m r r
If we-take
-a—S = pg = const
e 1 * ?
equation (8) shows that
3 ?
or '

will be a function of r only. The variables can therefore be
separated. The quantum condition

/(;2" b do=nk
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gives
nh

Pe=7 9)

Substituting this value in (8) and solving for pr, the second quan-
tum condition

2 f pror =mh
can be integrated between the limiting values of » and the result
solved for W, giving

2n'me*E?

BTy (10)
kB (n+n,)?

Equations (9) and (10) express the constants of integration

?¢ and W in terms of the quantum integers # and n,.

3. Degenerate Systems.—In some cases, called degenerate, the
variables are separable in more than one system of coordinates.
In case, for example, of the electron moving in an elliptic orbit
around a nucleus, the variables can be separated in rectangular
as well as in polar coordinates. The quantum conditions (3)
obtained by using different systems of coordinates do not in
general agree. This appears to violate the fundamental hypothesis.
This is not actually the case; for, if the problem is treated
exactly, the variables are always found to separate in only one
way. Thus, in case of the elliptic orbit, if we take account of
relativity, the variables are separable in polar but not in rectan-
gular coordinates.

Geometrically, the orbit usually oscillates between a set of
curves or surfaces. In the general case, the orbit is what is
known as a space filling curve, that is, it traces over the entire
area or volume of a cell. With change of initial conditions the
size of the cell changes. Thus the walls of the cells define sys-
tems of parameter curves or surfaces. Using these as coordinate
curves or surfaces, the variables can be separated. In case of a
degenerate system the orbit lies in a lower space, and does not
fill the interior of the cell. Hence the boundaries can be de-
termined in more than one way.

Thus, in relativity the orbit about a center of force does not
close but slowly precesses, and so fills the whole interior of a
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circle. With change of initial conditions the circle changes size.
The natural coordinates are therefore the system of concentric
circles and the straight lines orthogonal to them, i. e., polar co-
ordinates. If, however, we neglect relativity, each orbit is a
definite ellipse. A series of curves tangent to the different ellipses
can be determined in more than one way.

DEPT. or MATHEMATICS
MASSACHUSETTS INSTITUTE OF TECHNOLOGY.



SOME RECENT APPLICATIONS OF THE QUANTUM
THEORY TO SPECTRAL SERIES*

BY
SauL DusEMAN

Just about 21 years ago, almost to a day, Planck presented to
the world a suggestion which has profoundly influenced the
development of both physics and chemistry during the inter-
vening period. The conception that energy is emitted or ab-
sorbed by atomic systems in multiples of a unit quantum A,
may be regarded from one point of view as quite similar to the
atomistic ideas previously developed regarding the nature of
matter and electricity.

The application of this energy concept in accounting for the
apparent deviations in atomic heats from the deductions of the
classical principle of equipartition and from the empirical law of
Dulong and Petit, laid the foundations for a radical development
in thermodynamics. The Nernst Heat Theorem and the deriva-
tion of a relation for the hitherto undetermined integration
constant in the applications of the second law of thermodynamics,
together with the quantum theory relations for specific heats,
enable us to calculate accurately the available energy of chemical
and physical reactions.

Not the least of the resulting developments in the field of
thermodynamics is, however, the light which has been shed by
these new conceptions on the nature of that hitherto little under-
stood function known as entropy. Boltzmann had suggested
long ago that from a kinetic theory point of view entropy must
be regarded as indicating a probability. The second law of ther-
modynamics demands that in all energy transformations the
entropy must either increase or not change at all. This means,
according to kinetic conceptions, that nature prefers a more

*Presented at Toronto, Dec. 29, 1921, before Joint Session of American Physical

Society with Sections B and C of the American Association for the Advancement of
Science.
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probable to less probable states. But it is obvious that proba-
bility can only exist where there are discontinuities. Now
since the entropy of radiant heat may be considered from this
point of view, it necessarily leads to an atomistic conception for
radiation. In this manner it is therefore possible to correlate
entropy with a quantum theory of radiation.

These achievements mark, as it were, the first stage in the
application of the theory of energy quanta to physical phenomena.
The beginning of the second stage was signalized by the appear-
ance in January, 1913, of a paper by the Danish physicist N.
Bohr, dealing with the application of the quantum theory to the
problem of emission of spectral series and that of atomic struc-
ture. Of the profound impression made by this publication
and its effect on the trend of scientific investigations during recent
years, it is hardly necessary to speak at length on the present
occasion.

In the following paper, we will rather discuss to a limited
extent certain more recent developments of Bohr’s point of view
which bid fair to be of greatest importance, not only in the
solution of some still outstanding problems regarding the origin
of spectral series, but also in the determination with greater
exactitude of the structures of atoms, which give rise to these
spectral series.

As well known, Bohr’s theory rests upon the experimental
evidence obtained by Rutherford that the atom consists of a
nucleus of positive charge, Ne, at the center and a number, N,
of electrons distributed in one or more rings or shells around
this nucleus. As shown by Moseley, the value of N corresponds
to the place of the element in the Periodic Table.

The first assumption made by Bohr is that an atomic system of
this nature can exist permanently only in a certain series of
orbits of electrons corresponding to a discontinuous series of values
for the total energy. These are known as stationary states
and for such orbits Bohr assumes the validity of the ordinary
laws of mechanics. In order to assure stability of positive and
negative charges at a finite distance from each other Bohr assumes
that the attractive forces between the charges are balanced by a
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centrifugal force due to rotation of the electrons in circular (or
elliptical) orbits about the nucleus. According to classical
electrodynamics, such an arrangement is impossible, since the
electron would radiate energy and thus gradually spiral into the
nucleus. Bohr, however, assumes that an electron may revolve
in an orbit without radiation of energy.

From the application of the laws of ordinary dynamics to such
an orbit, we can obtain only a relation between the radius (major
axis) and the frequency of revolution, which is similar to that
derived by Kepler for planetary orbits. By means of a very
fundamental assumption, the absolute magnitudes of these orbits
may be calculated. This assumption is that the angular momen-
nh
2x
whole number. Only such orbits are considered by Bohr as
stationary states. We shall refer to this postulate again in a
slightly modified form. It represents the most important
guiding principle in all recent applications of the quantum theory
to problems of emission of spectral series.

Bohr postulates that radiation is emitted or absorbed by an
atomic system only during the transition of an electron from one
orbit to another. According to classical theory, if the atom emits
a certain energy W;—W;j corresponding to the difference in
energy content for the initial and final orbits, the radiation would
appear as light of continually increasing frequency, since the
electron must approach the nucleus during this process. Bohr
assumes, however, that the energy radiated is unifrequentic or
monochromatic, and the frequency, », is given by the quantum
relation

tum of the electron in any one orbit is equal to -~ where n is a

hv=W;—W;y (1)

The conclusions based on these considerations were found to be
in most satisfactory accord with the observed frequencies of the
lines in the series spectrum of hydrogen and helium as expressed
by the Balmer series

v=N(—l-—L2 )

m?  ms
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where m; and m; are whole numbers. The value of N, the Ryd-
berg constant, as calculated by Bohr, agreed excellently with the
observed value.

The theory as first put forward in 1913 has since been modified
by Bohr himself, Sommerfeld and others. This modification has
proceeded mainly in the direction of making the theory more
generally applicable to such cases as the spectral lines of atoms
containing more than one electron and also towards accounting
for the fine structure of the lines, and the phenomena observed
in the Zeeman and Stark effects. Still more recently, Bohr
has developed a principle by which, apparently, the gap between
the classical electrodynamical theory and the quantum theory as
originally enunciated by Planck, has been partly, at least, bridged.

It is well, before proceeding with the discussion of this more
recent development, to emphasize the two essential features in
Bohr’s theory, as first postulated.

The first one is the identification by Bohr of the frequencies of
spectral lines with differences in energy levels corresponding to
different stationary orbits of an electron in the atom. This is
the significance of equation (1). Now it has been shown that the
frequencies of spectral lines can be expressed by a generalized
form of equation (2) of the type:

- S _ g ®
n? 5’

where 7, and n; are whole numbers and f(») is a function of n
and the Rydberg constant. According to Bohr’s theory each of
these terms in the equation corresponds to a certain amount of
energy of the atomic system, which is the negative of the work
required to remove the electron from the corresponding orbit to
infinity.

The second essential postulate in the theory is that regarding
angular momentum, which has been stated above.

In extending these postulates to more complex atomic systems,
use has been made of a very important theorem of general dynam-
ics due to Hamilton. According to this theorem there exist, for
any conservative system, certain coordinates and corresponding
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momenta such that in them the equations of motion assume the
Hamiltonian canonical form. These coordinates are therefore of
great utility in the treatment of dynamical problems where we
know the total energy as a function of these canonical variables
and the corresponding momenta.

Given a system undergoing periodic changes with such co-
ordinates ¢i, ¢2 - - - - ¢, and the corresponding momenta,
p, p2 . . . . px, it was shown by Wilson and Sommerfeld that
the assumption regarding angular momentum in a circular orbit
may be generalized for all kinds of periodic orbits as follows:

For any co-ordinate ¢ and the corresponding moment p,

Spdg=nk &)
where the integration is carried out over a complete cycle.

It is necessary to make one more observation regarding the
number of these coordinates. It is evident that this will corre-
spond to the number of degrees of freedom of the system in the
conditions under consideration.

For an electron in a given circular orbit it is readily seen that
only one coordinate (or parameter) is necessary. The position
of the electron at any instant of time can be specified by the
azimuthal angle ¢ with respect to any given initial position of the
radius as axis of reference. In this case we have only one quan-
tizing condition.

In the case of an ellipse, we require besides the azimuthal angle
¢, also the length of the radius vector,». We must therefore have
two integrals, for each of which the values of » may be different,
viz:

27
0 P¢d¢ = n;h (43)
2x
prdf = ﬂzh (4b)

¢=0
where n, is designated the azimuthal quantum number, and n,,
the radial quantum number.
When we come to discuss the motion of an electron in an orbit
under the influence of an external field in a given direction, we
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obviously have to introduce a third quantizing condition, cor-
responding to the position of the orbit at any instant with respect
to the .direction of the field. Denoting the angle between the
direction of the field as axis and the radius vector by ¢, we have
the additional equation
{ psdd =nsh (4c)
where the integration is extended over the whole range of values
O min. 10 Umay. and back again to dy,..
Applying Bohr’s arguments to an electron rotating about a
nucleus in an elliptical orbit, Sommerfeld derived an expression
for the frequencies of the lines in the hydrogen spectrum of the

form
- N N s)
(m+n)®  (m1+my)?
where n,, m,, refer to the azimuthal, and #., m; to the radial
quantum numbers. ,

Since the terms in the denominators can have any integral
values we choose, it would appear off-hand that this equation
does not differ from Bohr’s simpler equation (2). Sommerfeld’s
equation does, however, indicate different possible transitions
which may lead to a particular frequency in the spectral series,
corresponding to the different possible values of n, and . for a
given value of their sum. The same holds true for the term in-
volving m; and m,.

Under certain conditions this difference in origin does appear.
In an elliptic orbit the velocity of the electron changes as it
passes from the perihelion to the aphelion position, and in accord-
ance with the theory of relativity this affects the average energy
of the atomic system. Hence the frequency of the radiation
emitted when the electron passes from say an elliptic orbit of
greater eccentricity to one of less eccentricity is slightly different
from that obtained when the orbits are each circular, even though
the sum of the two quantic numbers is the same for the elliptic
and circular orbits corresponding to each stationary state.
In this manner, Sommerfeld was able to account for the fine
structure of the lines in the spectra of hydrogen and ionized
helium.
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Similar effects are produced in the case of more complex
atoms by the action of the internal field due to the inner electrons.
In fact, this accounts for the observation that the Balmer series
for hydrogen and helium splits up in the case of more complex
elements into a principal, sharp and diffuse series.

The same considerations also account for the phenomena
observed in presence of electrostatic fields (Stark effect) and
magnetic fields (Zeeman effect). In all these cases the individu-
ality of the different modes of producing the same spectral line
in the Balmer series is only brought out under the influence of
any disturbing force, whether this be due to lack of symmetry,
as in the effect of variation in the mass with velocity, or to an
internal or external field of force.

Observations on both the Stark and Zeeman effects have
shown that certain lines are circularly polarized and others linearly
polarized, also that the number of components into which a single
line in the undisturbed state splits up in the presence of a weak
field is usually less than the number that might be expected from
the consideration of purely arithmetrical possible combinations
between given values of 7,47, and m, +m,.

Thus given n,+n, =3, and m, +m. =4, we might expect 3-4=12
components of this line. As will be shown below, a much smaller
number is actually observed. The reason for this has been
ascribed both by Rubinowicz and Bohr to the existence of a cer-
tain Selection Principle (Auswahlprincip). The considerations
advanced by each of these in arriving at this result are, however,
different, and to a certain extent Bohr arrives at this “principle”
as a deduction from a much more general theorem which he has
designated as the Principle of Correspondence.

Rubinowicz’s argument is that in the emission of radiation
during the transition of an electron from one stationary state to
another there must be equivalence firstly, between the amount
of energy emitted by the atomic system and that taken up by
the ether as electromagnetic energy, (this, of course, follows from
the Law of Conservation of Energy), secondly between the
decrease in angular momentum of the electron and the increase
in electromagnetic moment of momentum which can be ascribed
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to the spherical wave system produced in the ether. That is,
Rubinowicz postulates the laws of conservation both with respect
to energy and also electromagnetic momentum. Calculating the
electromagnetic moment of the momentum of the spherical wave
radiated from the atomic system by the method of classical
electro-dynamics, he arrives at the conclusion that only those
transitions between stationary orbits are possible for which the
change in azimuthal quantum number does not exceed unity.
That is, if #, and 7. denote the azimuthal quantum number for
two different orbits, there are three possibilities, and only three,
viz:

"1—”z=+1)
m—n=0 ) (6)
n—n= —1)

Furthermore an investigation of the nature of the radiation

emitted under these conditions shows that for

An=+1
the light emitted is circularly polarized. The case Az =0 is rather
uncertain and two possibilities may arise. Either the light
emitted is linearly polarized, or else there is no emission at all.
As shown by Bohr, the latter alternative is the correct one.

We can illustrate the application of this principle by applying

it to the case previously mentioned, of the spectral lines for which
. N N %
("1 +n2)?  (my+4-my)?

where n,+n:=3, and m,+my=4.

The following table shows the possible transitions by which
such a frequency may be caused.

In this table are tabulated under ¢ and r the possible values
of n, and n, respectively, for each value of n,+n,, and similarly
for my+m,. The values #,=0, ns=3 and m; =0, my=4 are not
permissible since these would correspond to a linear oscillation of
the electron through the nucleus.

The values 7,=3, n,=0, and m; =4, my=0 correspond to
circular orbits; all the others correspond to elliptical orbits with
varying eccentricities. '
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Table 1
m+n=3 m+n, =4
6 7 ¢ r
- 4 0
30— — 3 1
2 ! <;>-€ 2 2
1 2 1 3

According to the Principle of Selection only those transitions
can occur which are indicated by the arrows. Hence, instead of
12 possible components we actually find only 5. The polarization
of the lines observed in the Stark and Zeeman effects also agrees
with the rule given by Rubinowicz.

It must be observed that in presence of very strong fields of
force it is no longer possible to equate the momentum lost by the
atomic system with electromagnetic moment of momentum
gained by the ether as radiation. Thus both energy and momen-
tum may be transferred from one atomic system to another, or to
an electron with high kinetic energy. Under these conditions
therefore the Principle of Selection is no longer applicable.

As mentioned already, Bohr has also deduced a selection prin-
ciple which, while agreeing in the main with that derived by
Rubinowicz, is more stringent, although derived from more
general considerations. Bohr himself designates this generaliza-
tion as the Principal of Correspondence. Sommerfield in his
latest edition of “Atombau and Spektrallinien” uses the term
“Principle of Analogy.” In broad terms, this principle “gives
expression,” according to Bohr,! “‘to the tendency in the quantum
theory to see not merely a set of formal rules for fixing the station-
ary state of atomic systems and the frequency of the radiation
emitted by the transitions between these states, but rather an
attempt to obtain a rational generalization of the electromagnetic
theory of radiation which exhibits the discontinuous character
necessary to account for the essential stability of the atoms.”

It will be remembered that in the derivation of the quantum
theory of line spectra and in all its subsequent applications there

! Nature, Mch. 24, 1921, p. 104. See also Zs. f. Physik, 2, 423, 1920; and The
Quantum Theory of Line Spectra, Copenhagen, 1918.
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is a careful differentiation between the frequency of rotation ()
of an electron in its orbit and the frequency (») of the mono-
chromatic radiation emitted when the electron passes from this
orbit to some other orbit. The frequency of rotation is given by
the total energy of the system in the corresponding orbit, while
the frequency of radiation is given by the difference in energy
content of the two stationary states (or orbits).

In his first paper Bohr assumed that during the transfer of an
electron from an infinite distance into its final position of equili-
brium, the frequency of radiation emitted is the average of the
initial and final values of the frequency of rotation, that is,

w

yv=—

2

Subsequently he substituted for this assumption, the postulate
regarding angular momentum, as this appeared much more
logical. It indicates, however, that at the very beginning Bohr
searched for some connection between the frequencies of rotation
of the electron in orbits corresponding to two stationary states and
the frequency of the radiation emitted during the transition.
According to ordinary electro-dynamics such a relation ought to
exist, and for an electron rotating in a circular orbit, the fre-
quency of light emitted ought to be equal to the frequency of
rotation.

It will be remembered that the relation derived by Planck on
the basis of the quantum theory, for the relative distribution of
intensities in black body radiation, agrees asymptotically with the
Rayleigh-Jeans equation for low frequencies. In an analogous
manner Bohr approaches the problem of deriving a relation
between frequency of rotation and frequency of radiation, by the
consideration of stationary states of the atomic system for which
the quantum numbers n; and 7, are very large compared to their
difference n, —n;,.

Now it can be shown that for such orbits, the frequency of
radiation emitted is connected with the frequency of rotation by
the approximate relation

y.\,(nz—n,)w, (8)
where w is the average frequency of rotation in the two orbits.
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The values of #, or n; used in this equation correspond to the
sum of the three quantum numbers referred to in equations (4).

Equation (8) is considered by Bohr to be of fundamental sig-
nificance, as it shows that the frequency of the radiation is an
integral multiple, or harmonic, of the frequency of rotation. Now
in general it is possible to resolve a rotation in an elliptical orbit
into harmonics by the method of Fourier series. According to
ordinary electrodynamic theory, these harmonics ought to appear
in the radiation emitted, and the above deduction shows that for
large values of # this conclusion is in agreement with the results
derived on the basis of the quantum theory of spectral series.
Thus we find an agreement for these extreme cases between the
results to be expected on the basis of classical electrodynamics
and those derived on the basis of the quantum theory. Of course,
as pointed out by Bohr, there exists a signal difference in the
mechanism of the radiation in the two cases. While according
to electrodynamical theory all the harmonics ought to appear
simultaneously, the quantum theory postulates that these
harmonics appear as the results of transitions between different
orbits not in the same atom and therefore independent of each
other.

Now Bohr considers that this correspondence or coincidence in
the values of the frequency of radiation as calculated from the
two points of view cannot be accidental; the coincidence must
also extend to amplitude and polarization of the light emitted.
If we consider again the resolution of the frequency w into har-
monic components by the method of Fourier series, it is known
that the coefficients in this series represent the amplitudes of the
corresponding components and therefore their intensities. Hence
the intensity of the radiation corresponding to any particular
frequency » ought to be given by the corresponding coefficient in
the Fourier series for the orbital frequency of the electron. This
means that the probability of the existence of a certain value of »
in the frequency of the light emitted corresponds to the value
of the coefficient of the corresponding harmonic component in the
Fourier expansion. Thus we obtain a criterion for determining the
probability of a given transition between two stationary states. If
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the harmonic, corresponding to certain values of 7, —n, is absent
in the Fourier series for the rotational frequency of the electron,
then it must be concluded that the transition corresponding to
the difference n,—n, cannot occur, and the corresponding lines
will thercfore be absent in the spectrum.

This analogy must also extend to the polarization of the light
emitted, since any single harmonic orbit must on the ordinary
classical theory radiate circularly polarized light. Furthermore,
Bohr holds that this analogy in polarization and intensity holds
valid not only for low frequencies of orbital rotation, that is low
frequencies of radiation emitted, but also applies to higher fre-
quencies.

We thus obtain a rule by which we can calculate the possible
frequencies of radiation emitted in any given case by one or
more electrons rotating in any orbits whatever round a nucleus.
Firstly, we study the orbit from the point of view of ordinary
electrodynamics, and thus obtain a relation between orbital
frequency of rotation of any electron and the various forces to
which this electron is subjected. This orbital frequency is
capable of resolution into harmonics, and from the nature of
the cocflicients it is possible to determine the relative intensities
and polarization of the different frequencies that will appear as
radiation. Since this calculation also gives the energy in any
orbit as a function of the rotational frequency we then apply the
quantum theory relation.

hv=W;—W;
in order to calculate the corresponding spectral series.?

Let us now consider from this point of view a simple hydrogen
atom with an electron rotating in a circular orbit around a nu-
cleus. If the diameters of the orbits corresponding to two
stationary states are taken sufficiently large we obtain the relation

v~ (ng—my)ow (8)
which connects the frequency of light emitted with the frequency
of rotation. But for a circular orbit, there is no possibility of any
harmonic component, that is n,—#, can only assume the values

? Sce Sommerfeld, Atombau, 2nd ed., pp. 527-537 for a mathematical discussion
of this subject.
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+1. The value n,—n,=0 is obviously excluded. Thus we
arrive at the Selection Principle derived by Rubinwicz for azimu-
thal quantum values of n.

A most interesting application of this correspondence principle
has been made by Bohr in the determination of the effect on
spectral lines of electrostatic and magnetic fields.

The simplest case for consideration is again that of a single
electron rotating around a nucleus of unit positive charge at the
focus (the hydrogen atom). Under the influence of an electro-
static field (Stark effect) both the eccentricity and position of the
orbit (with respect to the direction of the field) vary continuously.
This problem may be treated mathematically in terms of the
three integrals, fpdq=nh, corresponding to the three sets of
quantum numbers, as has been done by Schwarzschild and
Epstein. According to Bohr, however, this problem is much
simplified if we investigate by the methods of electrodynamics
the effect of an electrostatic field on a simple elliptical orbit such
as that described above. This investigation shows that there
will be superposed upon the orbital frequency of rotation w
another frequency of perturbation ¢ which is given by the relation

o= 3eF 9)
8nimaw
where F=strength of field
2a =major axis of orbit
e = charge of electron
and m=mass of electron.

We are therefore led to expect that this frequency will appear
as a series of harmonic components in the light emitted when the
electron passes from one stationary state to another. Hence the
frequency of radiation emitted will be given for small values of
both w and ¢ by the approximate relation.

va(ng—m)w+(kra—k)o (19)
where k;—k; is small compared to either %, or k.. Furthermore
the intensities and state of polarization of the components cor-
responding to each line in the undisturbed state of the orbits
can be derived by investigating the coefficients in the Fourier
series expansion for the orbital frequency of rotation in the
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disturbed state. In this manner Bohr shows that results are
obtained which are in complete agreement with the phenomena
actually observed.

It is evident that corresponding to any one stationary state of
the undisturbed orbit there must be a number of stationary
states in the disturbed state. For the transition from one of
these states to any other, the change in energy will, according to
the quantum theory, correspond to kko where 2 is a whole
number, that is the energy E corresponding to one of these
states in the disturbed state will be related to the energy E, in the
undisturbed state by the relation

E=E. +kho (11)

This relation, together with the quantum theory relation for
aw (by introducing the postulate for angular momentum) leads
to an expression for the spectral series of hydrogen in the Stark
effect which is in agreement with that derived by Epstein and
Schwarzschild.

The effect of a magnetic field on the spectral lines of hydrogen
is dealt with in a similar manner. An investigation of the
problem from the point of view of classical electrodynamics
leads to the conclusion that superposed upon the orbital rotation
of the electron there is a uniform rotation of the entire system
around an axis parallel to that of the field. The frequency of this
rotation is given by the relation

He
4rmc
where H = intensity of magnetic field in gauss
¢ =velocity of light.

This frequnecy must therefore appear as a harmonic in the
spectral lines in accordance with equation (10) for the Stark effect.

A closer study of the effects to be observed shows that the
only permissible values of k,—k, are +1 and 0. Thus each line
in the undisturbed states of the orbits exhibits three components
in the magnetic field, one of which, the unaltered component, is
linearly polarized parallel to the field and the other two, circu-
larly polarized in opposite directions when regarded along the
direction of the field.

(12)

o=
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The same considerations are extended by Bohr to the case of
atoms which contain more than one electron, by calculating the
field due to the coupling action of the inner electrons and the
outer one which is assumed to be at a considerable distance
from the other electrons.

Sommerfeld has drawn attention to the fact that in deducing
a relation between the relative intensites of the different spectral
lines, Bohr really derives a statistical relation which enables us to
determine the relative distribution of the atoms which are effec-
tive in the production of the different lines. As he puts it,
“Although we are convinced that the quantum theory is correct
in ascribing the different spectral lines to independent processes
in the atom, and altho we know that the classical method of cal-
culation is wrong in considering these processes as dependent
upon the orbital velocities, we nevertheless trust the mechanical
theory to this extent, that we derive by means of it the relations
for the relative distribution of intensities of the lines.”

Altho Bohr has not as yet published any details regarding
further applications of the principle, he has intimated in two letters
to Nature during the past year® that it is of very general applica-
tion indeed. The principle not only affords a detailed insight
into the structure of the spectra produced during the binding of
electrons in atoms of more complex structure than hydrogen,
but also suggests definite arrangements of the electrons which are
suitable for the interpretation of these lines as well as the high
frequency spectra and the chemical properties. “If we con-
sider,” he writes, ‘“the binding of a large number of electrons by a
nucleus of high positive charge, this argument suggests that after
the first two electrons are bound in one-quantum orbits, the next
eight electrons will be bound in two-quanta orbits, the next
eighteen in three-quanta orbits, and the next thirty-two in four-
quanta orbits.”

Bohr also distinguishes between the types of quanta-numbers
involved in any one of the above groups. Thus corresponding
to the fact that for #,4n, =2, (where n, and n, refer to azimuthal

3 Mch. 24, 1921, p. 104; Oct. 13, 1921, p. 208.
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and radial quantum numbers respectively) we may have two
possibilities, viz: m=1, n=1

nm=2 ny=0
it follows that the group of eight electrons will consist of two sub-
groups of four electrons each. Similarly the group of eighteen
will consist of three sub-groups of six electrons each corresponding
to the three different possibilities for 1, +ns = 3.

Another feature that Bohr ascribes to these electrons is that
owing to coupling action between different orbits, ‘“‘the electrons
from one sub-group may penetrate during their revolution into
regions which are closer to the nucleus than the mean distances
of the electrons belonging to groups of fewer-quanta orbits.”

As a result of these considerations Bohr assigns in the first one
of the above letters the following constitutions for the atoms of
the rare gases:

He 2, Krypton 2, 8, 18; 8
Ne 24, 8 Xenon 2, 8 18; 18; &,
Argon 2;, &, 8 Niton 2; 8 18; 32, 18; 8,

The large figures denote the number of electrons in the groups
starting from the innermost one, and the small figures the quanta-
numbers of the orbits of electrons in each group.

Similar arrangements of electrons in the atoms of each of these
elements has recently been suggested by Bury* on the basis of chem-
ical considerations.

In the second letter, Bohr modifies the above suggestion in this
respect that for instance, the orbits in the outermost group of the
niton atom must be described as six-quanta orbits instead of
two-quanta orbits, although owing to the character of the motions
of these electrons it will appear as if on the average they really
were two-quanta orbits.

These conclusions which are no doubt supported by Bohr by
many far-reaching considerations lead us to await the publication

of his promised paper on this subject with a great deal of interest.®
RESEARCH LABORATORY,
GENERAL ELECTRIC CO., SCHENECTADY, N. Y.

¢J. Am. Chem. Soc. 43, 1602 (1921).

8 Since the above was written another paper has been published by Bohr in Z.
f. Physik, 9, 1 (1922). This is a non-mathematical review of his conclusions on the
structures of atoms.



THE EVALUATION OF QUANTUM INTEGRALS

BY
A. SOMMERFELD

In a paper of the above title Mr. Edwin C. Kemble! has criti-
cized my method of evaluating the phase integral?

() J=f\/f(§dq-

He concludes that this method is useful only when ‘the higher
order terms are negligible.” I wish to point out briefly here the
grounds on which I hold this criticism to be erroneous; to facilitate
comparison I use the same notation as Mr. Kemble.

The integral (1) is to be extended over a complete cycle of values
of g, which oscillates between two roots @ and b of f(¢). Let f(q)
be of the form

). o 1(q) =¢(q)+ay(q)
where a signifies any small constant; f(¢) is in practice a poly-
nomial of the second degree in ¢ or 1/¢. Since f(¢) =0 has two
roots g, b it follows that ¢(g) =0 must have two roots a’, b’ differ-
ing by an arbitrary small amount from ¢, b. We suppose that
¥(g) is regular in the neighborhood of @ and b and between them.

The real path of integration of 1 a—b—>a, is first of all deformed
without previously developing f(¢) in powers of a, into a contour
W of the complex ¢ plane which encloses the points a, b as well as
a’,b’ and which does not pass through any singular points of ¢/¢.

Throughout the whole of this path V’](TI) may be expanded
binomially as follows

@ Vig=véw (1+:42)"

V) 1142¥@ _@ (¥
¢@);’ z¢@) s(¢w>

W3 2m=3 (Y@, ..
= )2 4 (qs(q) 2

! Proc. Nat. Acad. Sci., October 1921, p. 284.

1 First given in Physikal. Zeitschrift, Vol. 17, p. 491, 1916. Also Atombau und
Spektrallinien 2nd edition, p. 478. 3rd edition, p. 670 and p. 725; here also some ob-
servations on the convergence question are added.
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Let M be the greatest value of ¢§q; on the contour W.. We can
q
then choose a so small that
aM <1,

The binomial series then converges absolutely and can be inte-
grated term by term. One therefore obtains the likewise abso-
lutely convergent scries

(4) J(a) = J (o) +aJ"(0) +‘i’f~<o>+—

70)= $ Vg 70 =¥ f #0g

Y2(q)dg
JI' .
©=-ugroi o@D Volg) ©

Each of these integrals is to be extended over the complex con-
tour. Mr. Kemble now says “J(0) and J'(0) are easily evaluated
but unfortunately the higher derivatives of J with respect to a
cannot be calculated by the usual methods because the higher
derivatives of V/f(g) with respect to a become infinite at g=ga
and ¢=>0". This appears to me to be a misunderstanding. The
path of integration W does not pass through the points ¢g=a and
g=>b. Also on the integration contour W the higher integrals J*/,
J'" have perfectly definite and finite values. If for the evaluation
of these integrals the integration contour is further deformed it
will not return to the original path but will be contracted on the
residues of the corresponding integrands. The question of con-
vergence will then no longer arise. The series (4) is, as we saw,
convergent. The further deformation of the integration contour
does not alter the coefficients J'/, J'"' of the series and is there-
fore without import as regards the convergence. I consider there-
fore the method developed by me to be free from objection in so
far as the parameter a can be taken as small as desired. This is,
for example, the case with the Stark effect where the external
electric field is at our disposal, and in many other cases.

A difficulty arises only if the magnitude of a is fixed by the na-
ture of the problem. In the general series spectra of the elements,
with which I have dealt in the same way, the additional electric
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field of the atom cannot be taken as small as desired but is deter-
mined in a definite way by the quantum conditions. In conse-
quence it may happen? that no contour W can be found for which
the series (3) converges. This difficulty has, however, nothing
to do with the mathematical objections of Mr. Kemble. The new
. and interesting method put forward by Mr. Kemble appears to me
under these circumstances to be unnecessarily complicated and

artificial.
UNIVERSITY OF MUNICH

3 As Dr. J. Weinacht has shown in his Dissertation, Munich 1921, see Atombau
und Spektrallinien, Ed. 3, Appendix 13.



CRITICAL FREQUENCY RELATIONS IN SCOTOPIC
VISION

BY
HerserT E. Ives

INTRODUCTION

In his “Studies of Flicker,”* T. C. Porter discovered that the
straight line representing the relation of critical frequency to
logarithm of illumination underwent an abrupt change of slope
at about .25 meter candles. At this same point, according to
other evidence, vision changes from color vision to gray vision,
or from “cone” to “rod” vision, if we accept the correlation
indicated by the ‘“duplicity theory.” In investigating critical
frequency phenomena by monochromatic light, the present writer
discovered? that this change of slope is of such magnitude with
blue light as to constitute a complete change in the character of
the illunination-critical frequency relation. The straight line
after its change of direction becomes parallel to the log I axis,
that is, critical frequency becomes a constant independent of
illumination. At the same time the blue hue of the light vanishes
and is replaced by a colorless or gray appearance. The isolation
of rod or scotopic vision appears to be complete, where in the
case of white light, or monochromatic light of long wavelengths,
it is only partial. This phenomenon of constant critical fre-
quency for blue radiation of low intensity has since been con-
firmed by Frank Allen.? In a later investigation by the writer
and Mr. Kingsbury,* testing a “diffusion” theory of intermittent
vision, observations were made in this same region with discs of
varying ratio of open to closed sectors. The constancy of critical
speed was again found, and the ratios of speeds for different
openings was entirely different from that holding at higher
illuminations. Some support for the ‘“diffusion” theory under

1T. C. Porter, Proc. R. S., 70, 313-329, 1902.
2 Ives, Phil. Mag., Sept., 1912, p. 352.

3 Allen, Phil. Mag., July, 1919, p. 82.
4 Ives and Kingsbury, Phil. Mag., April, 1916, p. 290.
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study was claimed because these new relations were clearly
predicted by the theory when the term used in its expression to
cover the effects of change of diffusivity with illumination was
made constant.

In subsequent consideration of this isolation of rod vision, it has
appeared to the writer that here was an exceptionally promising
opening for studying the nature of vision. It is highly probable
that colorless (rod) vision is the more primitive kind of vision,
a survival of an earlier, less developed type. It should be easier
to elucidate. When it is understood, and not until then, are we
really justified in attempting to formulate theories of the far
more complex phenomena of high intensity, color, vision.

F1c. 1. Apparatus used for study of low intensity flicker phenomena

. Extended light source.
. Projection lenses.
Sector disc.

Slit.

Motor.

. Diffusing screen.

. Neutral tint wedge.

. Atrtificial pupil.

. Variable resistance.
10. Revolution counter.

~ The present study was, therefore, undertaken as forming a
part of the study of “rod” vision, which from general con-
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siderations appears a logical starting point for the investigation
of vision. It was aimed more particularly at the time relations
of such vision, as deducible from the effects of intermittent
illumination. More specifically still, it is an investigation chiefly
of the effects on critical frequency of the form factor of the inter-
mittent illumination, thus extending the work above mentioned,
on the effects of variation in the ratio of exposure to obscuration,
to variation in the manner of rise and fall of the stimulus.

APPARATUS AND METHOD OF OBSERVATION

The essential features of the apparatus used are easily grasped
from the diagram, Fig. 1. An image of an extended light source

-

A Series B Series C Series D Series
A et B =1 G o=t D w=% E a=td=3
Al d’ﬁ Dg d-'& Ez » ¢=";
Ay «=# Dya=gt E, -~ ¢=4%
Ay u=2 Dyoa=%k E - #=%
As a=§ D o= E; * ¢=%
A, 2=y Di a=y E, - #=£f
E’ " ¢=L’.

S|
N

F1G. 2. Sector discs used to control the wave-form of the stimulus

1, is thrown by means of two lenses, 2, on a diffusing screen 6
(several sheets of finely ground glass) which is viewed by the eye
through an artificial pupil, 8, of 2 sq. mm. area. The only
portion of the lenses, 2, utilized is that limited by a narrow slit,
4, whose sides are radial from the axis about which discs 3 rotate.
By varying the contour of the discs it is obvious that any desired
variation of the brightness of the field 6 throughout a cycle may be
obtained. The speed of rotation of the discs is altered roughly
by a set of pulleys, finely by a variable resistance 9, in series with
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the motor 5, and is read by the electric tachometer 10. The
brightness of the image at 6 is altered by means of a neutral
tint wedge 7, having a range of transmission of approximately
10000to 1.5

The discs upon whose shape depends the variation with time of
brightness of the diffusing screen were cut from thin sheet alumi-
num, and after being drilled to fit the motor axle, were sand-
blasted and painted with dull black lacquer. They were made
symmetrical to give two cycles per revolution. The shapes chosen
are shown in Fig. 2. They are arranged in five serics, lettered A,
B, C, D, and E. The first number of the A series gives equal
intervals of light and darkness, changing abruptly from one
condition to the other; it is similar to the discs which have been
most frequently used in experiments of this sort. The ampli-
tude, a, is 14 the total opening. The rest of the series consist
of the variants on the first disc obtained by decreasing the ampli-
tude to 3/8, 14, 3/16, 1/8, 1/16, so that in place of an alternation
of light and dark, the alternation is between 1/8 light and 7/8
dark, etc. In the second (B) and the third (C) series the contour
of the time-brightness distribution is changed from ‘‘square
topped”’ to ‘“‘saw toothed”; in the B series one edge of each tooth
is vertical, in the C both are equally inclined. Only the first
members (a=14) of these two series were cut. Series D is similar
to series A, except that the wave-form is sinusoidal, the ampli-
tude range from 14 to 1/16, as before. Series E consists of the
variation of series A formed by altering the ratio of light to
darkness. The openings (¢) made up were 1/12,1,6,1/3,14,2/3,
5/6, 11/12. The only amplitude cut was 14. It will be noted
that E, is identical with A,, and that A,, A, etc., are the variations
of E, with respect to amplitude. Hence while every combina-
tion of shape, amplitude and opening was not provided, the
whole set of discs covered fairly well the significant variations of
wave-form.

In order to secure low intensity blue light a mercury vapor lamp
was used as light source, the blue and violet lines being isolated
by means of a blue filter® placed at 6. An opaque screen in front

$ Made and calibrated by the Eastman Kodak Co.
¢ Wratten monochromatic filter for isolating blue mercury lines.
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of the mercury arc was pierced with a circular aperture of approx-
imately 115 cm diameter. A circular portion 11.1 mm. in
diameter of the image of this at 6, as limited by a diaphragm, was
the observed bright field. This had a diameter of 4.5 degrees.—
considerably larger than the fovea, and the attention was directed
to the center of the field. The variable neutral tint wedge was
moved to a point where the field appeared gray, and where the
critical frequency is independent of brightness,—as determined
by measurements described below.

The method of making measurements was as follows: After
the five minutes or thereabouts in the dark laboratory, necessary
for the eye to become dark adapted, the observer (H.E.I.) placed
his eye at the observing aperture 8, started the motor, and slowly
increased the speed by moving the sliding contact of the variable
resistance 9, until the flicker at first observed vanished. This
was announced by calling to an assistant who was simultaneously
watching the speed, and who recorded the speed at the instant.
The procedure of setting was then reversed, starting above the
critical frequency the speed was reduced until flicker appeared.
This alternation of direction of setting was continued until a
complete group was obtained. Except where otherwise stated, a
group consisted of ten settings. Each point of a series (set of
discs) was measured twice in any run, the discs being put through
first in one order and then in the reverse order. Consequently
the determination of a point involved twenty settings. Extreme
settings frequently varied as much as ten per cent in speed to
either side of the mean, and the return series mean would often
drift by as much as five per cent from the first series. Settings
were fairly reproducible from one day to another; less so if an
interval of several days intervened, although measurements
belonging to the new period were in good agreement among
themselves. It is therefore evident that all the measurements
which are to be compared one with another for study, should be
made as nearly as possible at the same time, and that nothing is
gained by multiplication of measurements over a lengthened
period during which a drift of values may occur, unless, of course,
the period is so long and the measurements so numerous that all



May, 1922] Scororic CRITICAL FREQUENCIES 259

the points to be determined have been equally affected. The
main series of measurements here recorded (Fig. 4) and used for
intercomparison were those made on six consecutive mornings,
at the same hours, each of the series, A, D, E being carried through
on two separate days. In spite of the factors above mentioned,
which contribute to low precision, the critical speed values for
the various wave shapes are believed to be established by the
forty settings involved to within 3 per cent, as was evidenced by
the fact that the values derived from the same points as they
occur in the first and last series run (4s and E,), are mutally
consistent, indicating a reasonably constant state of the obser-
ver’s vision during the six day period. Certain series made dur-
ing the assembling and test of the apparatus, while not sufficiently
consistent to be intercompared, were in general in agreement in
their essential characteristics with the main series here chosen for
presentation.

EXPERIMENTAL RESULTS

As a necessary preliminary to the study of the constant critical
speed region it was necessary to establish what setting of the
neutral tint wedge was required to insure that this region was
actually being used, and, of course, to verify the non-dependence
of critical speed on intensity for all the disc shapes used. To cover
these points a series of observations was made early in the study
on typical discs at different values of the neutral wedge. Only
five settings were made on each point, as this number is sufficient
to locate the reading well enough for the immediate purpose.
The points, which are, for the reason just stated, somewhat
scattering, are shown in Fig. 3 for the discs 4., 4;, 4s, D1, D;,
De, E,, E;, B, and C,. Abscissae are wedge scale units (each
unit=a difference in log-brightness of .214), ordinates, critical
speeds in cycles per second.

It will be seen that in every case the critical speed does become
a constant beyond some wedge scale value. The wedge value
necessary to use for each series was thus easily picked from this
plot. Before leaving this figure, attention may be called to a
feature which illustrates the discussion on precision above. By
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comparing the critical frequency values of the various discs with
the series shown in Fig. 4, which were made some time later, it
will be noted that these preliminary values are all somewhat
lower. They are, however, as a family mutually interrelated
very closely as are the more precise final results.
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F1c. 3. Critical frequency—log brightness determinations for various wave-forms,
showing wedge scale value necessary to insure observations falling in rod vision
region

Critical Speeds for Discs Ay, B,, Ci, D,—The several different
shapes of amplitude =14, and average transmission 14 were picked
out as the first series to be studied. In all, three complete sets
of measurements (each of 40 settings per disc as above explained)
were made at intervals during two months. The experimentally
determined critical speeds are shown in Table 1, in which are
also calculated their ratios of speeds, compared to that of the
simplest shape (sine curve “D’’). In the last column are values
of the ratios as computed by an empirical formula (to be dis-
cussed later).

It is evident that variation of wave-form unaccompanied
by change of amplitude or of mean transmission has a well marked
effect on critical speed. It is perhaps most striking that the
lowest speed is not given by the disc whose shape changes most
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TaBLE 1.  Critical Speed in Cycles per Second

Disc 1st Set 2nd Set 3d Set

A 12.6 12.4 13.30

B, 10.6 10.3 1.5

C 11.5 11.2 11.8

D, 11.9 11.7 12.6

Ratios to D, Mean Calculated by Empirical
Formula

A, 1.06 1.06 1.06 1.06 1.06
B, .89 .87 .91 .89 .88
C .96 .95 .93 .95 .94
D, 1.00 1.00 1.00 1.00 1.00

gradually, namely the sine curve (D;) but by that one which
combines both the slowest variation with the fastest, namely,
the “saw-tooth” with one vertical edge of the tooth. Even more
striking is the fact that the same speed is obtained whichever
way the disc is run, whether the abrupt transition leads or follows.
This is shown by the following table of measured speeds, from the
first set used in Table 1:

TaBLE 2
Direction of Disc.
Abrupt Transition Leading, Following
Mean of first ten settings v ‘ 10.35 10.40
Mean of second ten settings 10.75 10.70
Mean, cycles per second 10.55 10.55

From the latter fact it is to be inferred that the significant factor
in the speed is some feature of the shape which is unaltered by
direction.

Speeds for the “A” Series.—These measurements constitute
with those that follow on the D and E discs the ‘“main’ series,
made on consecutive days as described in a previous section.
The results obtained (with wedge set at 7) for the square topped
wave forms of various amplitudes are shown in Fig. 4 (upper curve
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to left). As the amplitude is decreased the critical speed falls off,
the two approaching zero together. The rate of decrease of speed
with amplitude is, as will be described below, logarithmic.

Critical Speeds for the “D’’ series.—These, determined with the
wedge set at 8, are also shown in Fig. 4. For the higher amplitudes
the relation of critical speed to amplitude is similar to that of the
A discs, except that the values are lower. When, however, the
amplitude drops to 1,8, the critical speed has fallen to a value too
low to fit on a smooth curve continued to the origin. At ampli-
tude 1/16, no flicker can be produced at any speed and hence no
critical speed exists.
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adapting will not appreciate the change of intensity, whereas the
same amplitude of fluctuation if more rapid will be perceived.
There should, therefore, for the sine curve discs, be a speed
below which the sensation of flicker is mot produced. This was
easily found experimentally to be the case. With the1/8and 3/16
amplitude discs turning over once every three or four seconds,
no fluctuations of intensity were visible. As the speeds increased,
a point was reached where flicker began, then when the speed was
much further increased, flicker disappeared once more, at the
points already determined. The amplitude-critical speed curve
is therefore completed not by continuing the curve through the
large amplitude points to the origin, but by turning back, as
shown, through the low speed beginning-of-flicker points toward
the maximum amplitude axis. We may summarize these small
amplitude phenomena by the observation that here we clearly
have to do with rate of change of amplitude, whereas for the large
amplitudes and with abrupt transitions it is possible that we are
concerned primarily with the magnitude of the amplitude.

Critical Speeds of the E Series—These are exhibited in Fig. 4
to the right, the abscissae being openings (in degrees and in
fractional parts) the ordinates critical speeds. In making these,
several different wedge values were used, always below the break
in the straight line relation and chosen to keep the mean bright-
ness fairly constant. This saved the observational discomfort
of working with unnecessarily low intensities for the small open-
ings, but, as Fig. 3 shows, would not affect the values of the
readings.

The critical speeds are highest for the smallest openings and the
relationship between speed and opening is in general logarithmic.
This relationship is in marked contrast to the high intensity
behavior,* where the speeds are lowest for the largest and smallest
openings, passing through a maximum at opening 14.

The Transition from Low to High Intensity—An interesting
question that arises in considering the flicker phenomena at high
and at low intensities is whether these are one phenomenon
which passes through a change at some critical condition of
brightness or are two entirely separate effects due to two different
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processes. This comes down to the question whether the abrupt
breaks in the inclined straight lines of Fig. 3 occur at (4), a
definite peak brightness, (B), a definite average brightness, or
(C) with no relation to the brightness of the observed field.

At once by reference to the data for 30 degrees (E,, ¢=1/12)
and 330 degrees (E;, ¢ =11/12) opening it is seen that the break
in direction does not occur at a definite peak value since this is
the same for both at the same wedge value, and the wedge values
differ by over 5 units (log difference =1.17) corresponding to
more than a ten-fold change in brightness. Referring next to the
data for discs D, and Dj, we find a wedge scale difference of three
units for the break point, although here the mean brightness is the
same at the same wedge values. There is thus no connection
between brightness and the transition from one relationship to
the other. The data of Fig. 3 appear in fact to show that the
sloped log I—critical frequency lines, occurring in the region of
color vision, and the horizontal ones occurring in the region of
colorless vision, belong to two quite separate coexisting processes.
The critical speed for any brightness is roughly that correspond-
ing to the process demanding the higher speed.

EmpiricAL EXPRESSION OF RESULTS

Discussion of the theoretical aspects of these results is de-
ferred to a subsequent communication and the present paper
will be concluded by pointing out an empirical expression which
has been found to represent the main series of observations just
described with remarkable accuracy in terms of the Fourier
analyses of the wave-form used. In order to make clear the
statement of this relation, it is necessary first to assemble together
the Fourier series expansions of the disc contours used. By.
reference to any comprehensive text on heat conduction we find
the following expressions:

For the D, (sine curve discs), the variation of intensity with time
is given by

I‘=‘§+Ia sin w! (1)

where I, is the instantaneous intensity, I is the intensity with the
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disc removed, a is the amplitude and » the frequency in cycles
per second.
For the C series (saw-tooth symmetrical)

I,—{ +8—I—a (sin wt—é sin 3 wt+2—lssm Swt—. . ) (2)
For the B series (saw tooth with one abrupt transition)

r 21 (sin wt+§ sin 2 wt+§ sin 3 wt+4. . .) 3)

I,=-+
2 T

the plus or minus sign applying to different directions of motion
of the disc.
For the E series:

O

%(sin 7¢ cos wt+% sin 27¢ cos 2wt+. .) (4)

n
If as is the case in our experiments a=14 and ¢ is the fractional
opening, the average value is I¢, and (4) becomes

I,=I¢+2—I(sin T¢ COS wt+% sin 2r¢ cos 2 wit+. ) (5)
™

The A series constitute a special case of the E series for which
¢=14 and sin ¢ =1, so that

I,=E (cos wt+ cos 3 wt+ cos 5 wtt. . ) (6)

L

Now the expression Wthh has been found to represent the
experimental data of the main series of observations with con-
siderable accuracy is a simple function of the ratio of the coeffi-
cient of the first periodic term of the Fourier expansion to the
constant term, or the average value. If we put

2X coefficient of 1st periodic term

=W
constant term

we find that all the experimental points of this main series with the
exception of the low amplitude sine curve values are given by the
expression

w=c log g;—‘-f @)
in which w is the critical speed, ¢ is a scale constant, and § is a

small number of the order of a few hundredths.” The constants

7 The constant 2 is introduced in order to have an expression in terms of the range
of fluctuation, according to the diffusion theory.
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¢ and  are the same for all wave shapes, ¢ being 8.07, and é=.04.
Substituting in (7) we have,

for the 4 discs w=c log (16 o) (8)
(= 9)
. (8 a)
for the B discs w=c log 9)
(= 9)
for the C discs w=c log (329 (10)
(=2 9)
. (4 a)
for the D discs w=c log ® (11)
for the E discs w=c log (“Sl—w (12)
(r¢d)

The agreement of these formulae with the data is shown by the
full curves drawn through the points in Fig. 4 and for the A;,
B,, C\, Dy, discs by the data in Table 1.8

It will be seen that all the “square topped” stimuli points fall
accurately on the curves given by the formulae; and that the
formulae hold for all wave-forms for large amplitudes. The
points corresponding to sine-wave forms of small amplitude lie
entirely away from the (full) line indicated by the formula due to
the absence of any critical speed for the lowest amplitudes. Itis
probable that the symmetrical saw-tooth wave-forms (C discs)
would also give points lying on a curve distorted at low ampli-
tudes from the curve of the formula, although if the explanation
advanced for the peculiarity of the sine-wave form points is
correct both saw-tooth forms must yield points which approach
zero speed at zero amplitude, as do the square topped forms.
The general formula (7) cannot, in view of these shown and
suspected deviations from experimental fact, claim to be com-
plete. It does, however, represent the more important low
intensity critical speed relations with sufficient approximation to
suggest that it must be very close to the true complete formula.

8 The points shown for discs B; and C,, in Fig. 4 which were not included in the
main series, are extrapolated from the A; and D, values by utilizing the well determined
ratio previously obtained.
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It will perhaps make this formula more intelligible if a possible
physical interpretation is put on it. Let us suppose that to a
periodic stimulus Asinwt at the surface of incidence there corre-
sponds at a certain depth in a conducting medium the periodic

w

reaction Ae ° sin wt. This is a degradation in amplitude
similar to that occurring in heat conduction, according to the
Fourier diffusion law, except that in the latter case the amplitude

Ve
is reduced by the factor e 2K where x is the depth, and K
the diffusivity.® On this assumption we have, corresponding to
the stimulus

§+I o sin wt (13)
. I -2 )
the reaction 2+I ae °sin wt—z (14)
In this the range of fluctuation is
-
2la e © (15)
The part this is of the whole reaction is
e et
2Tae © ¢
L —4ae (16)
I‘ .
2

If now we take as the criterion for the disappearance of flicker
that the fractional range must fall below some definite value,
8, we have, for the critical condition

w

—= (17)
4ae ¢ =6

% The use of this factor, which is called for by the “diffusion” theo<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>